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The goal of this article is to provide a more or less self contained proof of the periodicity theorem
in complex K-theory. Our main references are Atiyah’s K-theory and the notes by Wirthmdiller on
and vector bundles and K-theory.

Sections of a bundle p: £ — X will be denoted by I'E and the fibre over € X will be denoted
E,. For statements about pullbacks, and operations of vector bundles (such as direct sum, tensor
products et c.) refer [[II]. Our base spaces are going to be compact, Hausdorff spaces. This, in
particular, allows for partitions of unity and hence metrics on complex vector bundles.

Definition. For a complex vector bundle E — X, a metric on E is a pointwise poitive definite section
h: X — Herm E where Herm E is the (real) bundle whose fibres are Hermitian forms E, x E; — C.

Using partitions of unity, we can always provide E with a metric. A metric gives a norm and
distance function on each E,.
A sum of bundles indicates their direct sum.

1 Projectivization and the Canonical Bundle

For a space X, Vect(X') denotes the semiring of vector bundles on X and K (X) the corresponding
ring. For a bundle E on X, the zero section is given by the inclusion X — E. Its complement is
denoted by Ej. The complex numbers act on Ej in the usual manner and the quotient space P(E)
is called the projectivization of E or the projective bundle associated to E.

P(E)isabundle over X because locally if E|; = U xV, then P(E)|y = U x P(V) as the action of
C* is fibre-preserving. Choosing a different trivialization gives an automorphism of the projective
space because the transition before projectivization is some smoothly varying matrix function. For
the same reason the quotient topology on P(E)|y is the same as that on P(E|y). Note also that the
projection E — X factors through P(E) — X.

Let V be any vector space and W a one dimensional space, then V = V' ® W by tensoring with
any w € W. This however is not a canonical isomorphism, although upon projectivization we get a
canonical isomorphism P(V) = P(V ® W). This result extends to vector bundles as follows.

Let E be any bundle, L a line bundle. If U is an open set where both trivialize, say E|y =
U x V,L|y = U x W then we have a local isomorphism as above which gives

PE)y2UxPW)2UxPVeoW)2PEXL)|y.

Let U’ be another neighbourhood where E, L trivialize. On the intersection U N U’, the vectors of
L are scaled by some nonzero complex functions when comparing the trivializations. This function
disappears when we projectivize and the isomorphisms agree on the intersection. Therefore, these
isomorphisms patch up giving us

P(E)=P(E®L).

We have the following pullback square

VE —— F
[

P(E) —— X

Each point a € P(E), = P(E;),z € X defines a one dimensional subspace H} C E,. The
union of these gives a subbundle of p*E. It is indeed a subbundle because locally it works like a
Grassmannian. This subbundle is the canonical line bundle H*, dual of a bundle H.



2 The Periodicity Theorem

The rest of this article deals with the proof of

Theorem 1. Let L be a line bundle over a compact space X. Then as a K (X)-algebra, K(P(L & 1)) is
generated by [H| subject to the relation ([H| — [1])([L][H] — [1]) = 0.

Note here that [L][H] is the product of [L] € K(X) with the element [H] in the K (X)-algebra
K(P(L® 1)) (which is an algebra by pulling back bundles over X).

Remark. Line bundles are invertible in K (X ), but the same is not true in algebraic geometry.

The fibres of P(L & 1) are complex circles and we can embed L, into this by y — [y ® 1] €
P(L@®1),. This inclusion extends to a homeomorphism of the 1-point compactification of the fibres
L, (itis a continuous bijection from a compact space to a Hausdorff space, ergo a homeomorphism).

Each fibre has a point at infinity co, and this gives a section, called the section at infinity, given
by « — oco,. This is smooth because, locally, we choose a “constant” frame v for L and map x to
[ve 0] € P(L&1), (because L is a line bundle, a different trivialization gives a scaling factor which
can be dropped when projectivizing). Similarly, there is a zero section.

The plan is as follows. We want the K-theory of P(L & 1). Intuitively, a line bundle contracts to
X and has the same K-theory as X, except line bundles can twist in ways that prevent a contrac-
tion. Adding the C and projectivizing, in some sense, transfers this twist to the trivial bundle. The
projectivization consists of (Riemann) sphere fibres which are the compactifications of contractible
sets, i.e., complex planes (or 1 dimensional spaces). So we do something similar to the Van Kam-
pen theorem, were we divide the projectivization into three parts, two contractible bits and their
intersection which is a circle.

First choose a metric on L. Let S C L be the unit circle bundle, P° the vectors with length < 1
and P the part of P(L @ 1) consisting of vectors of length > 1 (perhaps a better description is
“slope” > 1) together with the section at infinity. Restricting P(L ¢ 1) — X gives projections

S5 X, P° 2% X, P = X,

Here 7 is a homotopy equivalence because we can scale everything down to the zero section
which is homeomorphic to X. 7, is also a homotopy equivalence because we can scale the other
coordinate, i.e., the trivial coordinate coming from C to 0 to get a contraction to the section at infinity
(which is again homeomorphic to X'). This is done in patches and because we are only multiplying
one of the coordinates by scalars, the different patches glue well.

So, the bundles over P?, P> are of the form 7§ E°, 7% E> respectively, for bundles E°, E> over
X. Therefore, up to isomorphism, bundles over P(L ¢ 1) are of the form (73 E°, f, n% E*>) where
[ € Iso(n*E°, n*E>) is a clutching function. Moreover, for a given E°, E*, the glued bundle E
depends only on the homotopy class of f (Lemma 1.4.6 of [[1I]).

Suppose we are given a bundle E over P(L & 1), then we can obtain E°, E* by restricting F
to the zero and infinity sections respectively. Because P°, P> deformation retract to these sections,
there are isomorphisms

0o: ToE? 2 Elpo, oot T E® = E|pe

from which we obtain f by a composition of these isomorphisms over S. Together with the clutching

function we have an isomorphism ¢: (75 EY, f, 7% E>) =, E that's the identity morphism at the
zero and infinity sections.
Suppose we had another clutching function g and an isomorphism 1: (73 E°, g, 7% E>°) =5 E
which is also identity on the zero and infinity sections. Let 1), 1) be the two parts of ) as for ¢.
Then g = Yoo 09 ', f = o0 00y - as isomorphisms 7* E® — 7* E*. We have ¢y 0 ;' : m*E° —
7* E° and the following homotopy

H,: ™E° - mE°
(‘r» [v : 1]7w) = (1’, [U : 1]7 ("/}0 o Wal)(m,[tvzl])(w))



wherez € X, [v:1] € S, sothatfor0 <t < 1,[tv: 1] € P’and w € EY (the pulled back fibre over S,
is constant). This is a well defined homotopy of sections over S to the bundle Hom(7* E°, 7* E>°) =
7* Hom(E°, EY) (homomorphisms are a continuous functor, so pullback behaves nicely; see Section
1.2 []). Note that the section 1 o ;' extends to the disc and this homotopy simply shrinks the
circle through the disc to the zero section.

Therefore, 1 o ¢, * on the circle bundle is homotopic to the identity (because of the “end point”
assumptions on ¢, ). Doing the same for the other disc bundle, we see that g~ f is homotopic to
the identity. This means that f is homotopic to g.

Therefore, if we force the isomorphism E — (7§ E°, f, 7% E°°) to be identity on the end points,
then the homotopy class of f is determined by the isomorphism class of E. Moreover, observe that
each H, is a clutching function, so two clutching functions f, g as above are not only homotopic, but
they are homotopic through clutching functions.

Lemma 1. Given a bundle E over P(L & 1), if we fix the restrictions E°, E> on the zero and infinity
sections, then all the clutching functions are homotopic to each other, moreover the homotopy can be chosen to
pass through clutching functions.

Thus, we have a bijection E <> (njE°, f, 7% E>) and we write (E?, f, E*°) for the latter. Our
goal will be to control f or, more properly, its homotopy class. In analysis, we can approximate
arbitrary continuous functions using their Fourier series (under some conditions), so we hope to
do the same here.



3 Fourier Variable

On S we have two bundles and f is an isomorphism between them. Fibrewise, f is a function from
the circle to a group of matrices. Under suitable assumptions, a function on S is approximated by
polynomials. For simplicity, suppose L is trivial, then S = X x S! is trivial, and over the fibres we
would have functions of the form 3~ ax(x)2* where n ranges over some finite subset of Z, the a, are
matrix functions and would correspond to bundle morphisms between E°, E*.

As a morphism, z is just scalar multiplication by the second coordinate of (z,z) € X x S?,
and this multiplication acts on the bundle E°, say. There are two things to take care of. Firstly, S*
here is topological, but has a multiplicative structure coming from the complex numbers. So, this
multiplication works by “seeing” S* in C, in other words, by getting a section X x S' — X x S1 x C
(there’s no projection X x C — X x S') and the latter is the pullback of the trivial bundle over X
to X x St

Secondly, multiplication on bundles needs to be clarified. There is a well defined product if we
were to consider the trivial bundle, however, for a general L, the (fibre-wise) multiplication is more
formal giving an element of 7*L ® n*EY (because everything is happening over S).

Having clarified what z does, what should z* be interpreted as? Although it is a section, the
very operation of taking a kth power comes from being a section for X x S! x C®* and then com-
posing with the k-fold multiplication. In the general case, z* should be a section to a bundle which
resembles L* = L®" and multiplication by z* would result in an element of 7*(L* @ EY).

The negative powers of z would then correspond to the tensor of the dual L* of L. Keep in mind
that even for vector bundles, taking dual and tensor powers commute and L* @ L¥ = L*+ for
integers k, k' by patching up local isomorphisms.

Finally, what’s the role of ay(z)? Since z* gives elements of 7*(L* ® E°), a;, should be a section
of Hom(L* ® E° E>). But we should be careful to interpret it as a section over S rather than over
X, so properly it is a pullback of a section over X.

Once we have all this motivation down, because things are fibre-wise nice enough, we can use
Fourier approximations to control what f should look like.

Bringing everything together, we have two bundles S, L over X. The pullback 7*(L) is a subset
of S x L and the diagonal S — S x S C S x L gives a section of 7*(L) and denote this by =.
Taking tensor products of the pullback and tensoring the section appropriately, we get sections z*
of (m*(L))¥ for k > 0 and similarly z=* of (7*(L*))".

For a section a;, € I'Hom(L*F @ E°, E>), 7*a;, is a section of Hom(7* L* ® 7* E°, 7* E*°) over S
and the product with z* gives an element of

arz* ¥ 1, ® 2F € T(Hom(r* LF @ n* E°, 7* E*) @ 7* L*) = T Hom(x* E°, n* E)

where the isomorphism is from the triviality of 7*L over S (and pullbacks commute with tensor
products).

If a function f =) . a,z" as above is a clutching function, then it is called a Laurent clutching
function.

Proposition 1. H* =~ (1, z,L).

Proof. The pullback of the trivial bundle is S x C. Compose z x idc with product to get the clutching
function
SxC—n"LxC— n*L.

This is a clutching function because a vector in 7* L can be scaled to have unit norm.

With that aside, recall that H* is a subbundle of p*(L®1) where p is the projection P(L®1) — X.
We will figure out what the corresponding H°, H*® and clutching functions are. For eachy € P(L®
1)+, the fibre H; is the subspace of (L & 1), determined by y. Therefore,

H: ,=L,®0
Hy,=0®1,



where the subscript oo, x denotes the oo over z. and similarly 0, z.

Crucially, between line bundles if there is a morphism that is fibrewise nonzero, then it is an
isomorphism, therefore if we were to follow the inclusion H* — p*(L & 1) with projections to
p*(1),p*(L) (using pullback of projections from the direct sum), we get isomorphisms

fo: H|po = 7} (1); foo: H|peo — 7l (L)

(recall that m is the restriction of p to the zero section and similarly 7). Note that we are projecting
onto the nonzero coordinate.

So, H* is built from clutching 1 and L using a function f = f..f;': 7*(1) — 7*(L) (recall that
w is the restriction of 7y, 7 to §). All that’s left is to figure out what f is.

Fory € S;,H; is spanned by y & 1 € L, & 1, and because the effect of f is to “go from one
coordinate to the other” in y & 1, the map f: #*(1) = S x C — 7*(L) is precisely z.

More specifically, for y € S, seeing S, C L,, if A € C,, then f; '(\) = A(y @ 1) and projecting
it to the other coordinate gives Ay € L,; which in the pullback of L over y is precisely what z(y, \)
gives. Therefore, H* = (1, z, L). O

Because dual and powers happen fibrewise and clutching functions respond appropriately (it
is, after all, a way to identify two bundles and hence must change accordingly), we see that

HF = (1,27% L7%) ke Z.



4 Fourier Coefficients

Recall that when S* is parametrized by the interval [0, 27], the Fourier coefficients of a continuous
1 2

(complex valued) function f are defined by f. = 5- |,

by (1) = ez fre™.

Change the variables so that we deal with a complex circle as is. Then the normalized measure
on S'is dz/(2miz) and the Fourier coefficients are given by f; = 5= [, f(z)z7*~*dz. We are going
to be computing the Fourier coefficients over the fibres of S and hence it is better to have a definition
on S? rather than on [0, 27].

The setup so far: we have vector bundles E°, E*° on X and fibre bundles : S — X, m: PY —
X, Too: P — X. Suppose f € I' Hom(n*EY, 7* E*°). This is not necessarily a clutching function.

On each fibre S, of S over x € X, this gives a function from the circle to a set of matrices. The
role of z in the Fourier coefficient above should be played by the corresponding circle variable in S,
as seen in the complex plane over z, i.e., should be seen by the restricted section z,: S, — L;. The
powers are to be similarly taken as the restricted section z*.

What would f,(z)z; % 1dz,, then be? Multiplying by z shifts E° to L ® E°, so the product
fz(2)2; % 1dz, would be a section of Hom(r*L* ® 7n*EY 7n* E>°) (with one more degree coming
from dz,; this is clear upon a change of variables, for example, or by interpreting dz, as a section to
L, i.e., a differential on S, with entries in L,.).

On the fibre, S, the pullback of E°, E*°, L are just product bundles and thus, f,z, k=14, isa
map S, — Hom(L* ® E?, EX°). Integrating this (using the measure from the fibre L,.) over S, gives
the Fourier coefficients of f, ay(x) at = given by

f(t)e~*tdt and the Fourier series is given

1 —k—
ak(:c):%/s fezs ¥ dz,.

This gives a; € I' Hom(L* @ E°, E*). To see that it is well defined and continuous et c., we need
local computations.

Starting with a neighbourhood where all the bundles in question trivialize, the definition of ay,
is independent of the trivialization of L because of the factor dz/z and the scaling of z=* term is
cancelled by the corresponding scaling in the domain L* ® E°. The trivializations of E°, E> affect
the matrix function f by change of basis matrices which freely move through the integral. Therefore,
the local definition is independent of trivialization, hence well defined and clearly continuous. Thus
ay, is indeed a section as mentioned above.

Multiplying a, by z* sends the domain back to 7* E°. Define the (symmetric) partial sums

n
Sp = Z apz” € T Hom(r*E°, n* E>).

—n

The unfortunate reality that every analyst must come to terms with is that Fourier series don’t
always converge to the function, in fact, the Fourier series need not even be summable. However,
the analyst need not despair for other modifications of the Fourier series do converge, usually.



Brief recap of Cesaro summation
The result is that if f is a continuous function on S*, then the Cesaro sums converge to f uniformly.
This is because the Fejér kernels

Fu(z) = nilZ

k=07

n k
> 7
—0i=—Fk

form an approximation to identity, i.e., they satisfy
e F, >0
o o [o Fu(2)% =1

e V4§ >0,lim, o f‘szn(z)% =0

z

The first two conditions together say that ||F},||; = 1. Intuitively, it's a sequence of functions that
approach a Dirac delta function, which, when convolved with any function gives out the value of
the function.

Convolving with an approximation to identity gives a sequence of functions which, by the defining
conditions of an approximation to identity, converge to the function uniformly. For a proof that the
Fejér kernels form an approximation to identity, see [22]].

Set the Cesaro sums f, = 1 2371 Sk, the average of the partial sums. We want to say that these
converge to f uniformly. We have sections f,,, f of Hom(7*E°, 7* E>). This is a bundle over S and
f is a section.

Lemma 2. Let p: E — X be a fibre bundle with fibre F. If X, F' are quasicompact, then so is E.

Proof. In this case, the projection p is a closed map. Suppose C; C E is a collection of closed sets
with the finite intersection property, then p(C;) has the finite intersection property. Therefore, there
isan z € (p(C;). In the fibre F, over x,C; N F, is a collection of closed subsets of F, with finite
intersection property, hence nonempty intersection and that completes the proof. Observe that we
didn't need F to be a fibre bundle, just that p is a perfect map (i.e., inverse of points are compact).
It is easy to see that when X, F' are Hausdorff, so is E. O

Remark. The argument in the proof proves that a perfect map is proper.

Thus, S is a compact Hausdorff space, hence allows partitions of unity. This means that we can
choose a metric on Hom(7*E?, 7* E>°). Although this feels arbitrary, it is reasonable to talk about
convergence using a metric (see below).

Having chosen a metric on the bundle, fix an € > 0. Locally we have sections of the form

fifn:Ux S - UxS*x F

where F' is some space of matrices. Although we have an extra parameter coming from U, the
computations in showing that the Cesaro sums converge uniformly follow through just the same;
the extra parameter tags along and doesn’t affect anything. This is because all the computations
happen at the same time on all the fibres over U (see [2]]). Therefore, we can find some sufficiently
large n such that all f,, are within f (fibrewise) over U x S*.

Covering X with such trivializing neighbourhoods and using compactness, we obtain some suf-
ficiently large N such that f,, is within € of f throughout S.

Lemma 3. For sufficiently large n, f,, is a clutching function and (E°, f, E*°) = (E°, f,,, E>).

Proof. The set Iso(n*E°, 7* E>) of isomorphisms is an open neighbourhood of f in the bundle
Hom(7*EY, n* E*°). Therefore, there is some ¢ > 0 such that anything that is (fibrewise) within
e of f is an isomorphism. So, for sufficiently large n, f,, is a clutching function.




Moreover, the straight line homotopy tf,, + (1 — t) f is a homotopy between f, f,, through iso-
morphisms, hence the resulting glued bundles are isomorphic. O

Therefore, we can replace any arbitrary clutching function by a Laurent clutching function. Next
we look at how to simplify Laurent clutching functions.

4.1 Neighbourhoods of sections contain metric neighbourhoods

Supposep: E — X is a vector bundle over a compact Hausdorff space X and f: X — Eis a section.
Suppose N is a neighbourhood of f(X). Choose any metric » on E. We wish to show that there is
an € > 0 such thatif v € E, and h,(f(z),v,) < ethenv € N.

First we reduce to the case where f is simply the zero section. We have the homeomorphism

E—FE
v v — f(x)

for v € E,. Its continuity is verified locally. The image of N is some open set N’ containing the zero
section. If we find an € > 0 as above for N’ and the zero section, then the same € works for N and f.
Thus, we assume that N is a neighbourhood of the zero section.

Secondly, we bound N. Consider the open unit disc neighbourhood of X defined as

B = {U cek: hp(l,)(v,Op(U)) < 1}

This is indeed open because on a trivializing neighbourhood U x V, the function h,(v,0,) is a
continuous function by the continuity of the metric and evaluation Herm V x V' x V' — C (although
the distance function has codomain R). Define

g(x) = hy(v,0,): E — Rxo.

Then N N Bj is an open set containing the zero section. The closure B; is a compact subset
of E because each of the fibre is compact (this uses two facts: all norms are equivalent for finite
dimensional vector spaces and for finite dimensional normed linear spaces, the closed unit ball is
compact). The argument is exactly the same as in Lemma

Therefore, the closure and boundaries of N N B; are compact. The restriction of g to d(N N By)
is continuous hence attains a minimum ¢ > 0. For v € E, N 9(N N By) if g(v) = 0, then by positive
definiteness of h, v = 0 but this is a contradiction as IV N B is a neighbourhood of the zero section.
Therefore, the minimum attained is a positive number ¢ > 0.

Now we claim that this € > 0 is as stated above. Suppose v € E, is within € of 0,. By definition
of ¢, either v is in the interior of N N By, in which case there’s nothing to prove, or v is in the exterior.

In the fibre E,, look at the line tv,t € [0, 1] joining 0, v. This is connected and once again, by
definition of ¢, it doesn’t intersect the boundary 0(IN N B;). Because the interior and exterior are
disjoint sets, this line must lie entirely in the interior or entirely in the exterior. Since 0, is in the
interior, we conclude that so is v and therefore, v € N N B;.

Thus, Be € N N B; C N and we have proved that these € neighbourhoods of the zero section
form a local basis for the zero section, and by extension, form a local basis for the image of any
section.

So, while talking about the convergence of the Cesaro sums, it suffices to consider € neighbour-
hoods as above. Note that the exact choice of the metric doesn’t matter these e neighbourhoods form
a local basis regardless of the metric and provide convergence in the usual sense using neighbour-
hoods.



5 Linearization

Having reduced to the case of Laurent polynomials, we consider a polynomial clutching function
p = 1_oarz", where a;, € Hom(L* ® EY, E*) (a general Laurent polynomial is z~"p for some
n). Once again, we borrow a trick from analysis, this time a linearization trick to solve higher order
differential equations.

Recall that in solving an equation of the form y ™ ta, 1y V4 tay +y =0, introducing the
derivatives as separate functions to be solved for reduces the problem from an nth order differential
equation to n linear differential equations. We do the same thing here by introducing more bundles
and having linear clutching functions between them.

Consider the homomorphism

L"(p): w*(iLk@@EO) %w*(EmGBiLk@EO)

k=0 k=1

given by the matrix

The first equation is supposed to capture p as a linear polynomial, while the rest introduce relations
(for example, the second column says that the second variable should be z times the first). Although
a, 2, 1 are bundle morphisms, the usual matrix manipulations works fine because all we are doing
is defining the morphism on different components of the domain and codomain of £"(p).

Note that £"(p) is linear in the sense that it can be written as az + b for a, b suitable bundle mor-
phisms between the two big bundles. Moreover, £"(p1 +p2) = L™(p1) + L (p2) and it is compatible
with tensor products in the sense that £ (idx+p ® p) = id-+p ® L™(p) for abundle D — X.

To simplify p, write py = p and p,+1 to be a polynomial function such that zp, 1 = p,(z) — p,(0)
(this is formal manipulation; it doesn’t make sense to set z = 0 as z, 0 are two different sections on
S). Then, the homomorphism £”(p) can be rewritten as

1 pr p2 ... pal| (P 1
1 1 —z 1

ﬁn(p) — 1 1 —Z 1

by algebraic manipulation. Therefore,
L'(p) =1+ N)p&1)(1+N2)

where Nj, N, are nilpotent bundle endomorphisms (N, looks like shifting of coordinates and Ny
sends everything to £>° and £ to 0) and p @ 1 indicates a direct sum of bundle morphisms.

7'('*( Z:O Lk ® EO> L™ (p) ™ (Eoo o 2221 Lk ® EO)

(18| T
7'('*( Z:O Lk ® EO> W a* (Eoo ) ZZ:I Lk ® EO)

When N is nilpotent, the bundle endomorphisms 1+¢N are invertible for 0 < ¢ < 1 and provide
a path between 1 and 1 + N; this also shows that £"(p) is a clutching function, because p @ 1 is.

10



Proposition 2. L£"(p) and p ® 1 define isomorphic bundles on P(L @ 1).

Proof. The function (1+¢N7)(p® 1)(1+¢N3) is a path through bundle isomorphisms on S between
L"(p) and p#1, hence the two clutching functions are homotopic and give rise to isomorphic bundles
on P(L & 1). O

In terms of earlier notation,
(E°,p, E®) ® (ZLk ®E°1,y L ®E°) o~ (ZLk ®E°, L"(p),E® &Y L* ®EO>. (1)
k=1 k=1 k=0 k=1

Following [[]], denote by L™ (E°, p, E*°) the bundle on the right hand side above. As long as we stay
with isomorphisms, we can homotope individual rows of L™ (p) to get potentially simpler matrices.

Lemma 4. Let p be a polynomial clutching function of degree < n for (E°, E>). Then
1. LMHY(EC p, E®) = L"(E°, p, E®) & (L"' @ E° 1, L""! @ EV)
2. LY (L7 @ EO, zp, E®) = L7(E°,p, E®) & (L' ® E°, 2, EV)

Note that in the definition of £"(p) and the arguments above we did not require a,, # 0, only
that p be a clutching function.

Proof sketch. The proof is fairly straightforward. In both cases, homotope a one of the rows through
isomorphisms to get to a direct sum of matrices that act as clutching functions on the right. One
thing to note is that in the second case, there is a homotopy

£ (zp) = £7(p) @ (~2)

and (L7' ® E°, —2,E°%) = (L7 ® E°, 2, EY) because —z is the composition of z with —1, and —1
extends to all of EY, hence is invertible (the E° on the right is a negative copy of E° on the left). The
degree condition on p is important for the homotopies to work. O

Proposition 3. For any polynomial clutching function p for (E°, E>),
(1B, p, B> - [E°, 1, E°)([L][H] - [1]) = 0
in K(P(L & 1)) where [E°, p, E*] represents (E°, p, E*) in K(P(L & 1)).

Proof. From the second part of the last lemma and the linearization result before that,

(L' @ E° 2p, E®) @ <Z FoE 1,y IFe EO> =
k=0 k=0
(E%,p, E>) @ (Z LFoE 1LY IFe E0> @ (L' ®E° 2, E°)
k=1 k=1
This essentially amounts to homotoping the same matrix (that of zp) to two different matrices.
Passing everything to the K group, and ignoring the repeated terms,
[L7'® E% 2p, E*] @ [E°,1,E°] = [E°, p, E*]© [L ' ® E°, 2, E].

Now, zp = z ® p, a clutching function between tensor product of bundles, similarly the z on the
right hand side. Recall that [1, z, L] = [H ], hence [L™!, 2,1] = [L7|[H 7] (using L' ® L = 1 and
tensoring the clutching function with identity). Therefore,

[LHEE p, E*] & [E°, 1, E%] = [E°, p, E*] + [L'][H '] [E°, 1, E°].
Rearranging the terms gives the desired relation. Keep in mind that K (P(L&1)) is commutative. [

In particular, for E° = 1,p = 2, E* = L, ([H] — [1])([L][H] — [1]) = 0.
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6 Linear Clutching Functions

We have a way of reducing a polynomial clutching function into a linear one, albeit on a different
set of bundles. Here we analyse linear clutching functions of the form az + b: 7*E° — 7* E>°.

How should one try to simplify this further? The simpler cases are when a = 0 or b = 0; although
there is still a dependence on what E°, E* can be. But we could try to homotope az + b to az or b
by looking at a(tz) + b or az + tb = t(a(z/t) + b) for 0 < ¢ < 1. These need not be isomorphisms,
however.

This boils down to extending az +b to all of L (and, in a way, it extends as a at the infinity section
- although the domain would be incorrect). To extend to L, we need to pullback E°, E* to L via the
projection L — X and the morphisms a, b are also pulled back. The section z: S — 7*L becomes
a section L — L xx L (the fibred product is L pulled back over itself). Recall that this proceeds
through the diagonal map L — L x L. Label this extended function by p as well.

Convention. Following [[I]], when we say a linear function p = az + b is an isomorphism outside
S we include that it is an isomorphism at the infinity section as well, i.e., a is an isomorphism.

Fix an z € X and move to the fibre over z, so that the only free variable is z and we have
essentially reduced the problem to something over C. Let us look at atz + b, which connects az+b to
b. Suppose b is an isomorphism for now. Let us also identify E°, E* as a single vector space E° - we
need to be careful about how we identify them for there’s at least a circle’s worth of isomorphisms!

If there is a nonzero v such that atzv + bv = 0, we get —1/tz is an eigenvalue of b~'a (¢ can’t be
zero as b is assumed nonsingular). Conversely, any nonzero eigenvalue ) of b~ 'a gives a vector in
the nullspace of atz + b (this amounts to finding a z, ¢ with z in the circle, such that tzA = —1).

Similarly, we get (by the invertibility of az + b, the eigenvalues can't be on the circle)

o If a is invertible, a~'b has all eigenvalues outside the unit circle, then atz + b is invertible.
o If a is invertible, a~'b has all eigenvalues inside the unit circle, then az + tb is invertible.
e If bis invertible, b~ 'a has all eigenvalues inside the circle, then atz + b is invertible.

e If bis invertible, b~ 'a has all eigenvalues outside the circle, then az + tb is invertible.

On the fibre over z € X these a, b don't vary and we are looking endomorphisms of a vector space
and asking about where its eigenvalues are. Obviously, the eigenvalues don't have to be divided as
nicely.

Observe that in atzv + bv = 0, replcaing v with a~'v, we can shift the burden of nonsingularity
on to a. So, we're interested in the eigenvalues of the matrices a='b,ba=", b7 a, and ab™'.

6.1 Linear Algebraic Interlude

Suppose T': E — E is an endomorphism of a finite dimensional complex vector space (with some
fixed basis). We'd like to know which eigenvalues of T" are inside some circle S and which are
outside.

Recall from complex analysis that if & € C\ S, to know if « is inside or outside S, all we need
to do is look at the integral ﬁ f S Ziadz. This is because, if the circle contains «, then there’s no
branch of log, but if it is outside, there is a branch of log defined on a domain containing the circle.

More generally, as long as we can get a factor of 1/(z — «) in the denominator of a function, the
integration as above serves as an indicator function (this isn't quite true, but it will do; refer the
residue theorem for a precise statement).

To partition the eigenvalues into those lying inside S and those lying outside, we could simply
ask what the integral of 1/z — ais over S as a ranges over the eigenvalues, provided none of them lie
on S. But the residue theorem allows us to do this, more or less, at once, provided we get a rational
function that has the factors z — « in the denominator.

The characteristic polynomial, i.e., det(z — T') has the eigenvalues of T as its roots, inverting it
gives us what we want. But rather than invert a polynomial, we invert the matrix z — T'.

12



Consider the operator
= —_/(Z—T)fldz: E—FE
5

where (z — T')~! makes sense by choice of S and the integral happens entry-by-entry. Each entry of
the matrix of Q) is of the form

1 e

+— [ T

27i Jg det(z —T)

where the numerator is a degree n — 1 polynomial. By the residue theorem, this is the sum of
residues of the integrand at the eigenvalues inside S. Computing this directly is insanity, so we
resort to simplifying T first.

Assume a basis of E is so chosen that T is in it’s Jordan normal form,

dz

T
T =
T,
where each T; is of the form
A1
Ao 1
ﬂ =

Ao 1

It suffices to compute () on the diagonal blocks. Say T = T;, A = A;, then

1 1

(z—A) (ZHA)Q 1

=N (z-n2
(c-T) = SEUNNCE

(z=X)

whose residues give I if A is inside S and 0 otherwise.

It is now clear that @) is a projection operator, i.e., Q* = Q. If the Jordan normal form above
corresponds to a decomposition of F as £ = E; @ - - - @ E,, then Q projects onto those E; for which
A; is inside the circle. Since 7' commutes with @), it respects the decomposition offered by Q).

Set E = E; @ E_ where £, = QE,E_ = (I — Q)E, then T decomposes as 7'y & T_. By
construction of (), the eigenvalues of T are inside S and those of 7T_ are outside.

6.2 Decomposition I

The reader should feel free to skip to the next subsection to continue with the proof of the periodicity
theorem. Let’s focus on the fibre over x € X. Here we have

e two vector spaces E2, E%°

e homomorphisms given by p(z) = az + b, z € C which are isomorphisms for z € S*, hence on
a neighbourhood of S*.

Once we are in the fibre over z, a is simply a matrix because L, ® EY = E? via scalar multiplication.
We also know that if we had a single endomorphism, T': £ — E, then we can decompose E, T as
above so that T, T_ have eigenvalues in different regions.

From earlier discussion, if we could decompose E?, E2° so that a='b,ba™! (and/or b~'a,ab™?)
decompose and if, simultaneously, all az + b respect this decomposition, then we can use the homo-
topies atz + b, az + tb.

13



To decompose a~'b, for example, we would have to look at (z — a=1b)~! = (az + b)"'a. The
left hand side is not defined, but the right certainly is for z € S'. Similarly, tackling the other three
possible matrices, we're interested in the integrals (over the circle) of

(az +b)ta,a(az +b)71, (bz +a) " b, b(bz +a) ™ .

The first two of these are related to the linear function p and can be written as the operators

1 1
Qg = Tm s, P;ldpx and Q;O = TTI'Z s, dpzpz_l
where the superscript indicates which of EY, E2 do these act on. Here dp,, is simply the derivative
of az+bas a function from C to a space of matrices. The idea is that these would decompose E?, ES°
(i.e., they are projections) where p can be homotoped to something simpler.

For the other two, while bz + a can make sense as a morphism E? — E2° after various non
canonical identifications, to extend it as a global bundle morphism we must take z € L™!, the dual
bundle, for then bz + a can become a bundle morphism L ® E° — E,

Abusing notation, we can have a diagram as follows,

B0 =% (L, ® E%) & B0 %25 g

x

L1®E2 7.91} Eg@(Lz@)Eg) W E:O
where z € L,,2 = 1/z € L', and a & b is not really a direct sum of matrices, but composed with
the addition in 3°. The bottom row gives bz + a. By abusing notation again, we can write

bita=(a b) ((1) (1)) (j)

Thus, bZ + a is obtained from az + b, up to a scaling factor, by a change of “variables” z = 1/Z
and a change of domain. We put variables in quotes because z is not the variable that az + b acts on.
This change of variables is given by the action of a matrix on z @ 1 to give 1 ® z (in other words, it’s
not just a change of z, but of z & 1 treated as one entity). Seeing z & 1 as the line [z : 1] in C? (by
identifying L, with C), this is the Mébius transformation determined by the matrix (1) 0

Keep in mind that this is more of a notational manipulation and doesn’t extend to the whole of
X. More importantly, this change of variables by inversion maps the circle to itself, but interchanges
the components of the complement. As far as integration is concerned, we don’t have to worry about
some convoluted loop.

If we could change the variables in such a way that the coefficient of z became invertible, then
we can use the result above to conclude that our operators are indeed projections and decompose
p(z) into parts whose eigenvalues are in different components of C \ S*.

Manipulation of z as above essentially does a linear transformation on (a b). So pickana € C
(arbitrary for now) so that aa + b is an isomorphism. We can identify E?, E2° using this, i.e., fix a
basis of EY, and let its image be the basis of E2°. Then with respect to this identification, ac + b is
the identity matrix.

In place of ((1) (1)) we could choose a matrix of the form <? 5) so that we get the invertible
ac + b as the coefficient of z. The matrix acts via the Mobius transformation, and if one were to
choose u, v so that the unit circle is mapped to itself, the simplest solution is

az+1
24+«

Z =

14



obtained by comparing the norms |az + u|?> = |z + v|? for z € S*.
The corresponding M&bius transformation works for « not in the circle, but this is fine because
az + b is an isomorphism on a neighbourhood of S*.

Note to self

Although I have more or less motivated to myself Mobius transformations entering the conversation,
it still feels a little inorganic; especially when I'm aware of the argument having read it from [[1I].
My train of thought is as follows

1. We want to know about the eigenvalues of a~'b et c. and that forces us to look at the integrals
of az + b,a + bz.

2. But a + bz doesn’t make sense unless we change the domain to L ® E° and make z live in the
dual space.

3. This change happens via the action of a matrix on z & 1, which is a line in C? provided we
identify L, with C on this particular fibre.

4. To use the result from linear algebra, we need the coefficient of z to be 1 so that we are dealing
with actual characteristic polynomials.

5. So the change of variable should transform the line z @ 1 to another line, and such a transfor-
mation is aided by Mobius transformations, such that the matrix naturally gives aa + b for a
suitable o for which it is an isomorphism.

6. For our own convenience, the domain better stay unchanged, and the simplest matrix that
works is as above.

Note also that the Mobius transformation works to send « to infinity, which, in some sense, gives
us a~!(az + b) from (ac + b) " (az + b).

6.3 Decomposition II

Proposition 4. Let p be a linear clutching function for (E°, E>°), and define endomorphisms Q°, Q> of
E°, E*> by putting

1 _ 1 _
Qg:% . pmldpm Q;O:% ; dpwp;cl'

Then Q°, Q> are projection operators, and
pQ° = Q%p.

Write E'. = Q"E*,E* = (1 — Q")E",i = 0,00, so that E* = E' @ E". Then p is compatible with these
decompositions, so that p = p @ p_. Moreover, p. is an isomorphism outside S,p_ is an isomorphism
inside S.

Although Q°, Q*° are defined pointwise, in the local picture we would be conjugating p by matrix
functions (change of basis matrices) that depend on # € X only, and hence the projections patch
up. If we were dealing with manifolds, then d is the exterior derivative and since we're integrating
over the fibres, only the z-derivative bit survives.

Proof. It suffices to prove the results fibre-wise. So, fix z € C, to simplify we denote p;, as, b, by p, a,
and b respectively. Pick a real number « > 1 near S, for which p(«) is an isomorphism. Consider

the Mobius transformation w = 1=2% so that z = 2% then

p(w) = <1—|—aw>+b: (aa 4+ b)w + (a + ba) _Tw+Th
o+ w w + o w + o
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where T7 = aao + b, T» = a + ba, and

- Tl()é—TQ

dp = ——=dw.
P wrap™

The integrand becomes

pldp = (w+ a)(w+ Ty ) 1T 701; —7;1—0[1)]212 dw
(w—=T)Ha+T)
(w+ @)?
where T = T, ' T,. Writing a + T = (o + w) — (w — T) gives
0= L (w—T)" = (a+w) Hdw = i (w—T) tdw
270 J =1 270 J =1

where the last equality follows because o was chosen outside the circle. It is easy to verify that this
T doesn’t have any eigenvalues on the unit circle, so the integral makes sense and decomposes EY
into two parts, and 7T respects this decomposition. Moreover, since 7' commutes with Q°, so does
T ' p(w).
In a similar way, Q<° is a projection operator on E° and decomposes 77 = T»T; ' and commutes
with p(w)T;'. Moreover,
TQ° = Q™1

simply because the same relation holds for the integrand and 7} can pass freely through the inte-
grals. From this relation, we obtain

Ty 'pQ° = Q°Ty 'p =Ty 'Q™p
and therefore, p decomposes as p = p4 & p_ where

P+ QUE] — QFEF

p—: (1= Q)E; — (1 - Q) E?

All of this is true for p(w), w € C. Continuing with the same notational convention, all eigen-
values of T'y,T", are inside the unit circle, and those of 7_,7” are outside. Suppose for some
|w| > 1, py(w) is singular, i.e., there is some nonzero v € QY EY such that p (w)v = 0, then

T_lerT

1 T v=0 = Tv=T4v=—wv
W+«

which is a contradiction as all eigenvalues of 7', are inside the unit circle. Similarly, p_ is an isomor-
phism inside the unit circle. O

Corollary 1. Let p = az + b and write
Py =ayz+by,p- =a_z+b_.
Then, if p(t) = p4(t) ® p—(t), where
pr(t) =apz+tby,p_(t) =ta_z+b_,0<t <1,
we obtain a homotopy of linear clutching functions connecting p with ayz ® b_. Thus,

(E°,p, EX) = (EY,2,L® EY) ® (B, 1, E%).
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Proof. Firstly, note that p is the restriction of p followed by a projection, therefore it is still a linear
function and of the form a4 z + b (since tensor distributes over the direct sum, a decomposes too).
From the proposition, p (t), p—(t) are isomorphisms on S for 0 < ¢ < 1 and are clearly continu-

ous. Thus,
(E% p, E%) = (E° p(1), E®) = (EY, a1z, EY) & (E2 ,b_, E®)

where we have used the fact that clutching with an isomorphism that’s a direct sum is the direct
sum of the bundles clutched separately.

Sinceay: L ® EY — E®,b_: E2 — E> are isomorphisms, we can replace the right hand side
by the left (and change the clutching functions appropriately) to get the stated isomorphisms. []
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7 Finishing the proof

The rest of this document is pretty much the same as [[1]. Having analysed a linear clutching func-
tion, let p be a clutching function of degree < n. Then L"(p) is a linear clutching function for
(V0,V°°) where
VO=>"IFeE, V=Ee) L'oE°.
k=1

We can decompose V? = V? @ V? as above. Write
V_E == ‘/H(Eo7pa EOO)

This is a bundle on X. Now, suppose p; is a homotopy through polynomial clutching functions of
degree < non S. Extend (via pullback under projection) L, EY, E> to X x I (this is still compact
Hausdorff!) so as to construct the bundle V,,(E?, p;, E>) over X x [ (its construction requires p;
to be a clutching function for every t). The pullback of this V;, via the homotopic 0, 1-inclusions
X < X x I are isomorphic (see Lemma 1.4.3 of [[I]])

V;L(anpm EOO) = ‘/n(EOapla Eoo)

In other words, if pg, p1 are homotopic through polynomial clutching functions, then the resulting
bundles are isomorphic. Now recall the statement of Lemma 4 for p of degree < n:

L LrH(EO,p, B®) = LB, p, B®) @ (L™ @ E°, 1, L™ @ E°)
2. L(L @ B, 2p, B®) = L(E®, p, E¥) @ (L' ® BV, 2, E°)

where these bundles where obtained by clutching V?, V>° using the linearized version of p.

Because the decomposition is via a projection which is given by an integral, it will respect the
direct sums appearing on the right. Similarly, the isomorphism above sends the clutching function
on the left to the one on the right, hence sends the projection operator on the left to the corresponding
one on the right. Therefore, if we use the results from the previous section we get (for p of degree
<n)

1. Vn-‘rl(EOapano) = Vn(EOapa EDO)/
2. Vo1 (LY@ EY 2p, E*®) 2 V,,(E°, p, E*) & (L~! ® E°)

where we have observed that if p is the identity function, then the projection Q" is zero. For the
second isomorphism, we use that when p = 2z, Q" is identity.
Tensoring the second isomorphism with L we get

‘/7L+1(E07ZpaL ® EOO) = (L ® Vn(anp7 EOC)) ® EO
Recall Equation
(E°,p, ) ® (ZL’“@EO 1 ZL’“@E(’) = (ZLk@EO,cn(p),EOO@ZL’“@EO).
k=0 k=1

On the right side we have VV?, V°° and a linear clutching function, so we can apply Corollaryl]
of the last section to get

(E°,p, E®) @ (ZLk®E0,1,ZLk®E0> V2, z, Lo V) e (VO 1,V).

Now we move to K (P(L @ 1)). Recall from Propositionthat [H™' =[1,2, L]. We get

n n

5% %]+ { So10¢ 0 B Hi) = W B0 B[4 { So10¥ 0 B = (8 0 )

k=1 k=0
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which gives
(B p, B] = [Va(E®, p, E*))([H ] = [1]) + [E°][1]

where the [1] is the trivial bundle on P(L&1) and [E][1] for E a bundle over X is the pullback of E to
P(L & 1). Importantly, the terms on the left are K (X)-multiples of two fixed terms in K (P(L & 1)).

Proof of the Periodicity Theorem[I} Let ¢ be an indeterminate over the ring K (X) and consider ¢t —
[H] € K(P). From Proposition 3} ([H] — [1])([L][H] — [1]) = 0, so we get a morphism of rings

ws KX/t - (L)t - 1)) » K(P).

We construct an explicit inverse. All the work we have done so far pretty much proves that y is
surjective.

First, suppose f is a clutching function for (E°, E*). Let f,, be the associated Cesaro means and
set p, = 2" f,. For sufficiently large n,p, is a polynomial clutching function (of degree < 2n) for
(EY L™ ® E>). For large n, we expect this to be (EY, f,,, E*°) @ H~". Define

va(f) = [Van (B, pu, L™ @ EX)| ("1 = ") + [E°}t" € K(X)[t]/((t — D([L]t - 1))

Since this is obtained by inverting H, for large n we expect this to be the inverse of [E°, f, E*]. So
we prove that this is independent of n.

For sufficiently large n, fy,, fn+1 are close to f and are isomorphisms. Moreover, the convex linear
combination of f,, fr11 is a homotopy through clutching functions. Therefore, the linear homotopy
between p,, 11, 2p,, is a polynomial homotopy through clutching functions of degree at most 2n + 2.
Thus,

Vont2 (B, ppy1, L™ @ E®) 2 Vo, 0(EY, 2p,, L™ @ E°°)( by the homotopy)
>~ Vo1 (B, 2pp, L @ E*)(2p,, is of degree < 2n + 1)
>~ (L ® Vo (E°, pp, L™ @ E*)) @ E°

Since (t — 1)([L]t — 1) = 0, we get vy 11(f) = vu(f). So, v, (f) is eventually constant, call it v(f). We
claim that this is the inverse of u.

Given a bundle £ on P(L @ 1) the homotopy class of its clutching function is uniquely deter-
mined. In the space of all sections over S to an appropriate homomorphism bundle (between the
“ends” E°, E* of E), a homotopy of two clutching function f, g is a path.

Suppose, for the moment, that g is sufficiently close to f. Then for n sufficiently large, the linear
interpolation between 2" f,, 2" g, passes through polynomial clutching functions of degree < 2n.
Therefore, the associated bundles v, (f), v,(g) are going to be equal (recall that this requires the
homotopy to pass through isomorphisms to make sense). Thus,

V(f) = Vn(f) = Vn(g) = V(g)

This means that v is a locally constant function on the space of sections to the isomorphism bundle
(which is an open set in the homomorphism bundle).

Going all the way back to Lemmal(T} we see that v(f) depends only on E because any two f with
the same E are homotopic through clutching functions. Set v(E) = v(f).

This is additive in E because the clutching functions are additive and so are the Cesaro means,
linearization, and projections. Therefore we have an induced group homomorphism

v: K(P) — K[X](t)/((t = )([L]t - 1)).

It’s easy to see that this is a K (X )-module homomorphism because tensoring with bundles over X
doesn’t really affect the clutching functions and the tensor passes through the projection operators
to give the same result as multiplication does on the right hand side. Finally,
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p(E) = p[Van (B, pn, L™ @ EX)] ("1 — ") + [E"]t"

= [Van(E®, po, L ® E)|([H]" ™" — [H]") + [E°][H]"

= [E°, pn, L™ @ E*][H]"

= [E°, fn, B>

=[E°, f,E>] =E.

Since K (P) is generated by bundles E, uv is identity. In the other direction, since we already
have a K (X )-module homomorphism, it suffices to look at what happens to t",n > 0:
vu(t") = v(H")

=vy[l,z7" L7
= [Vau (L, L D" —27) + [1]¢"

— tn

where we observe that V5,(1,1,1) = 0. O
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8 Conclusion

Immediate Corollaries

If X is a one point space, then all bundles are automatically trivial and K(X) = Z. The space
P(L @ 1) is then just the 2-sphere S? and periodicity tells us

K(S?)

Il

Z[t)/(t = 1)

Secondly, if L was the trivial bundle, then P(L @ 1) is the trivial sphere bundle and we have an
isomorphism

p: K(X)® K(S?) — K(X x S?)
a®b— (r7a)(mw3b)

where 71, 7w are the two projections. Compare this with the Kiinneth formula.

Equivariant Periodicity

Let G be a finite group and X a G-space. We have the set Vectg(X) of G-vector bundles over X.
This is also an abelian semigroup and we can form the group K¢ (X).

The projectivization of a G-bundle E will be a G-space (because G acts on the fibres of E in
a linear manner). We can construct P(L @ 1), for G-line bundles L as before and form the sub-G-
bundle H over P(L&1) . The Fourier variable is a G-section, and all the integrals above are G-linear.
It follows that the projections, approximations et c. respect the G-action and we get

Theorem 2. If X is a G-space, L a G-line bundle over X, the map t — [H] induces an isomorphism f
K (X)-modules

Ka(X)[t]/(t[L] = 1)(t — 1) - Kg(P(L & 1)).
Other Proofs

We have only touched on the complex case, there is also a real periodicity where the period is 8.
These results were initially proved using Morse theory. The result is quite important and useful
in many different contexts and appears in different forms. There have been multiple proofs of the
periodicity theorem (both real and complex cases) and [5]] is an interesting thread regarding these
proofs.
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