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1 Solving a system of equations
Let D be some open set in Rn+1 and let f1, . . . , fn be continuous functions defined on D. We seek to
obtain differentiable functions xi(t), 1 ≤ i ≤ n such that

dxi
dt

= fi(x1, . . . , xn, t), 1 ≤ i ≤ n

on some interval (t1, t2).
Following [1] we shall denote vectors by capital letters, scalars by small letters and the norm of a

vector is the usual Pythagorean norm. A vector function of t is a function X(t) = (x1(t), . . . , xn(t))
and as usual, it is continuous, differentiable et c. if each of the components is. Denote by F the
collection of functions F = (f1, . . . , fn), then we wish to solve

dX

dt
= F (X, t) (1)

on some interval (t1, t2). Let X0 = (x10, . . . , xn0), t0 be fixed in the given domain D, and suppose
F is defined on a region R = |X −X0| ≤ a, |t− t0| ≤ b, then we would also like to have a solution
satisfying X(t0) = X0.

Definition 1. An approximate solution to 1 with error ϵ is a continuous admissible function (i.e., the image
should land where F is defined) X defined on some interval around t0 which is piecewise differentiable such
that X(t0) = X0 and |X ′(t)− F (X(t), t)| ≤ ϵ wherever X is differentiable.
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Since R is compact, F is continuous it is bounded by some constantM .

Theorem 1. (Existence of approximate solutions) With a setup as above, given an ϵ > 0 we can construct an
approximate solution with error ϵ over the interval |t− t0| ≤ h = min(a, b/M).

Proof. The idea is to form an approximate solution as a union of lines (this is somewhat related to
how integral of a function is defined using step functions). The constraints on h arise from requiring
the lines to lie in R.

Given ϵ > 0 by uniform continuity of F onR, there’s a δ > 0 such that if |X1−X2| < δ, |t1−t2| < δ,
then |F (X1, t1)− F (X2, t2)| < ϵ. We first define our approximate solution to the right of t0. Obtain
numbers t0 < t1 < · · · < tm = t0 + h such that

|ti+1 − ti| < min(δ, δ/M), i = 0, . . . ,m− 1.

The approximate solution is defined recursively as

Xi(t) = Xi−1(ti) + F (Xi−1(ti), ti)(t− ti), t ∈ [ti, ti+1], 0 ≤ i ≤ m− 1

with X−1(t0) = X0. The union of these Xis form a continuous function which is piecewise differ-
entiable. We need to verify that this is admissible. By the choice of h, there is a cone starting at X0

that is contained in R whose boundary is the union of lines with slopeM going to the right of t0
starting from X0. Each of the line segments Xi is contained in that cone and recursively we see that
this solution is admissible. More directly, the end points of the line segments are withinMδ of each
other and adding them up gives a distance ofMδ × h/δ ≤ b.

Next, by the choice of δ, for ti ≤ t ≤ ti+1 we have

|Xi(t)−Xi(ti)| < δ, t− ti < δ

therefore |F (Xi(t), t) − X ′
i(t)| = |F (Xi(t), t) − F (Xi(ti), ti)| < ϵ. Thus we have constructed an

approximate solution to the right of t0. In a similarmanner, but going to the left we get an approximate
solution with error ϵ defined on |t− t0| ≤ h.

In order to guarantee exact solutions we will need additional conditions on F , namely Lipschitz
continuity with respect to X . This is not too restrictive a condition because on usually deals with
smooth F , and being defined on compact sets (or if we are just interested in existence of solutions
we may restrict our attention to compact sets using local compactness) it will be Lipschitz.

2 Lipschitz continuity and properties
Definition 2. A (continuous) vector function F (X, t) defined on some open D ⊆ Rn+1 satisfies the
Lipschitz condition with respect to X there is a constant k such that |F (X1, t) − F (X2, t)| ≤ k|X1 −
X2|, (X1, t), (X2, t) ∈ D. The same definition applies to other domains of definition and when F is scalar.

Lemma 1. Let R be a region convex in X , i.e., for each t0, the subset t = t0 of Rn is convex (or empty), and
suppose the scalar function f has partial derivatives ∂f

∂xi
defined on R and bounded by someN , then f satisfies

the Lipschitz condition on X with constant nN .

Proof. Because of convexity, we may apply the mean value theorem. For a given (X1, t), (X2, t) ∈ R
we have

|f(X1, t)− f(X2, t)| = |
n∑
i=1

∂f

∂xi
(xi1 − xi2)| ≤ N

n∑
i=1

|xi1 − xi2| ≤ nN |X1 −X2|

where xi1, xi2 are the ith components of X1, X2 respectively. We can in fact, using Cauchy-Schwartz
inequality obtain the better constant

√
nN .
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Lemma 2. Let R be a region embedded in a larger domain D such that the boundaries of the two have a
minimum distance of some δ > 0. Suppose scalar functions f, ∂f/∂xi are defined and bounded byM,N
respectively on D, then f satisfies the Lipschitz condition on X in R with constant max(2M/δ, nN).

Proof. Let (X1, t), (X2, t) ∈ R. If |X1 −X2| ≥ δ, then

|f(X1, t)− f(X2, t)|
|X1 −X2|

≤ 2M

δ
.

If |X1 − X2| < δ, then the line segment between (X1, t) and (X2, t) must lie in D. For otherwise
(by connectedness of the line), it must include points from the boundaries of R,D which would
contradict the definition of δ. Now we may apply the argument of the previous lemma to obtain the
constant nN .

Lemma 3. A vector function F satisfies the Lipschitz condition on X if and only if each of its components
satisfy the Lipschitz condition on X .

Proof. The proof is quite simple and left to the reader.

Lemma 4. If a vector function X(t) is defined and differentiable on some interval (t1, t2), then the scalar
function |X(t)| is differentiable on the open set X(t) ̸= 0 and we have∣∣∣∣d|X|

dt

∣∣∣∣ ≤ ∣∣∣∣dXdt
∣∣∣∣.

Proof. On the open set where X ̸= 0, we have by chain rule

d|X|
dt

=

∑
xi

dxi

dt

|X|
.

Furthermore, ∣∣∣∣ |X(t+ h)| − |X(t)|
h

∣∣∣∣ ≤ ∣∣∣∣X(t+ h)−X(t)

h

∣∣∣∣
and since the limit exists, the same inequality holds for the derivatives.

Theorem 2. (Fundamental inequality) Let F (X, t) be continuous in some region R and satisfy the Lipschitz
condition on X with constant k. Let X1(t), X2(t) be two approximate solutions over an interval |t− t0| ≤ b
with errors ϵ1, ϵ2 respectively. Set

P (t) = X1(t)−X2(t); p(t) = |P (t)|; ϵ = ϵ1 + ϵ2.

Then
|p(t)| ≤ ek|t−t0||p(t0)|+

ϵ

k
(ek|t−t0| − 1)

for |t− t0| ≤ b.

Proof. P is differentiable wherever both X1, X2 are differentiable, hence it is differentiable at all but
finitely many points. Wherever P is differentiable we by the previous lemma

|p′(t)| ≤ |P ′(t)|

and by definition of an approximate solution

|P ′(t)| ≤ ϵ+ |F (X1(t), t)− F (X2(t), t)| ≤ ϵ+ k|X1(t)−X2(t)| = ϵ+ k|p(t)|.

Therefore, we have a continuous function p(t) on |t− t0| ≤ b such that

|p′(t)| ≤ k|p(t)|+ ϵ
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wherever p is differentiable. Since p is differentiable at all but finitely many points, we can meaning-
fully talk about integrating p′ and the fundamental theorem of calculus applies.

Suppose p is always positive, then to the right of t0,

e−kt(p′(t)− kp(t)) ≤ e−ktϵ

and integrating from t0 to t > t0 we get the desired inequality. To the left of t0, use −p′ ≤ kp + ϵ
instead.

If p is identically 0, then the inequality is obvious. Now, suppose p(t) ̸= 0 for some t > t0 and
that there is a t0 < t′ < t such that p(t′) = 0. Using continuity, one obtains t0 < t1 < t such that
p(t1) = 0 and p is non zero on (t1, t). Now apply the previous case to obtain

|p(t)| ≤ ϵ

k
(ek(t−t1) − 1)

which is better than the bound in the statement. One does a similar thing for points to the left of t0.
For p being negative, simply use −p.

3 Existence and Uniqueness
From the fundamental inequality, we have the following

Theorem 3. (Uniqueness) Let F (X, t) be continuous and satisfy the Lipschitz condition on X in some
neighbourhood of a fixed point (X0, t0). Then there can exist at most one solution of dX/dt = F (X(t), t)
such that X(t0) = X0.

Proof. While the fundamental inequality applied to (closed) intervals around t0, we can adapt the
same proof here as well, since we are dealing with an open neighbourhood of (X0, t0).

Theorem 4. (Existence) Let F (X, t) be continuous and satisfy a Lipschitz condition on X in a region

|X −X0| ≤ b, |t− t0| ≤ a.

LetM be the upper bound of |F | in R. Then there exists a solutionX(t) of dX/dt = F (X, t) defined over the
interval |t− t0| ≤ h = min(a, b/M).

Proof. The idea is to take the uniform limit of approximate solutions. Let ϵn be a sequence of positive
numbers decreasing to 0 and letXn(t) be approximate solutions with error ϵn defined over |t−t0| ≤ h
passing through X0 at t0.

Step 1
Applying the fundamental inequality,

|Xn(t)−Xn+m(t)| ≤ ϵn + ϵn+m
k

(ek|t−t0| − 1) ≤ 2ϵn
k

(ekh − 1).

Therefore, these Xn converge uniformly to some function X . By uniform convergence, X is continu-
ous and X(t0) = X0. We need to show that X is differentiable with the desired derivative. We first
show that the approximate derivatives of F (Xn, t) converge uniformly to F (X, t).

Step 2
Let R be the region |X − X0| ≤ Mh, |t − t0| ≤ h. Given ϵ > 0 by uniform continuity of F ,

there is a δ > 0 such that whenever (X1, t1), (X2, t2) ∈ R and |X1 −X2| < δ, |t1 − t2| < δ we have
|F (X1, t1)− F (X2, t2)| < ϵ.

For this δ, there is anN such that for n ≥ N, |Xn(t)−X(t)| < δ, |t− t0| ≤ h. Therefore, for n ≥ N

|F (X, t)− F (Xn, t)| < ϵ, n ≥ N, |t− t0| ≤ h.

Thus, F (Xn, t) converges uniformly to F (X, t) on |t − t0| ≤ h, hence the integrals
∫ t
t0
F (Xn, t)dt

converge to
∫ t
t0
F (X, t) on |t− t0| ≤ h.
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Step 3
We have shown above that Xn converge uniformly to X , their derivatives converge to F (X, t)

uniformly. Given any t ∈ |t− t0| ≤ hwe have∣∣∣∣ ∫ t

t0

[
dXn

dt
− F (Xn, t)]dt

∣∣∣∣ ≤ ϵnh

therefore, applying the fundamental theorem of calculus (recall that Xn are differentiable at all but
finitely many points)

|Xn(t)−Xn(t0)−
∫ t

t0

F (Xn, t)dt| ≤ ϵnh

We can take the limit of the left side and by uniform convergence, we have

|X(t)−X0 −
∫ t

t0

F (X(t), t)dt| = 0

which means that X is differentiable with derivative F (X, t) as required.

Now that we have shown the existence and uniqueness of solutions, we observe that our approxi-
mate solutions as defined above are indeed approximations of the exact solution.

Theorem 5. Let X be an exact solution of 1 under the assumptions of the previous theorem and X̃ be an
approximate solution with error ϵ for |t − t0| ≤ h such that X̃(t0) = X0. Then there is a constant N
independent of ϵ such that |X̃(t)−X(t)| ≤ ϵN, |t− t0| ≤ h.

Proof. Applying the fundamental inequality to X̃,X ,

|X̃(t)−X(t)| ≤ ϵ

k
(ekh − 1); i.e., N =

ekh − 1

k
.

Without the Lipschitz condition, the solution need not be unique: consider dy/dx = y1/3 with
f(x, y) = y1/3 which is continuous. There are two solutions passing through (0, 0), namely y ≡ 0
and

y(x) =

{
( 23x)

3/2 x ≥ 0
0 x ≤ 0

However, the Lipschitz condition is not required for the existence of solutions. Once can use
polynomial approximations of F using the Weierstrass approximation theorem together with the
Arzela-Ascoli theorem. Essentially, if Pn are polynomials uniformly converging to F , and if Xn are
exact solutions to dX/dt = Pn, then one can show that there is a subsequence of Xn converging
uniformly to some X and that this X is the required solution. For a proof see [1].

Before moving to the next part, it is good to mention that although above we arrived at an exact
solution using Cauchy-Euler approximations, this is not the only way to arrive at a solution. One
such way is Picard’s theorem which uses a fixed point theorem (contraction theorem). This is similar
to Newton’s method for finding roots in that one starts with an arbitrary function and generates
successive functions which eventually arrive at a solution. Furthermore, there are refinements of the
Cauchy-Euler construction, see [1].

4 Smoothness of solutions
In the previous section our solution was essentially a curve passing through a given point (X0, t0).
Now we look at how it the family of these curves depends on the initial condition X0.

First we observe that if F is of class Ck, then a solutionX(t) defined around some interval around
t0 is of class Ck+1. When considering vector fields over manifolds, as we shall later, we can first
restrict our attention to some coordinate chart, obtain a smooth solution over an interval and then try
to patch up our solutions (or simply deal with maximal intervals where a smooth solution exists).
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Theorem 6. If F (X, t) is continuous and satisfies a Lipschitz condition onX in |X − X̃0| ≤ b, |t− t0| ≤ a,
for some fixed (X̃0, t0), then there exists a unique solution X(X0, t) of

X ′ = F (X, t), X(t0) = X0

in the region
|X0 − X̃0| ≤ b/2, |t− t0| ≤ h′, |X −X0| ≤Mh′

where h′ = min(a, (b/2M)),M being the bound of F on |X − X̃0| ≤ b, |t− t0| ≤ a.

Proof. The given region contains around (X0, t0) the rectangle |X − X0| ≤ b/2, |t − t0| ≤ a for
|X̃0 −X0| ≤ b/2. From the existence theorem, a solution to X ′ = F (X, t) exists in the interval as
mentioned. Note that h′ is no less than half of the original h.

What this means is that there is a smaller neighbourhood of a given (X̃0, t0) where we have a
family of solutions passing through every point (X0, t0). Note that we are not changing t0. In the
context of vector fields onmanifolds, we may take t0 = 0 and the theorem says that there is a flow of a
neighbourhood of (X̃0, 0), which gives us, in a sense, a time parametrised family of diffeomorphisms
which at t = 0 gives us the identity morphism and such that each point moves along the vector field
determined by F .

Theorem 7. If in some open neighbourhood of (X̃0, t0), F (X, t) is continuous and satisfies a Lipschitz
condition on X for some k, and if a solution X(X0, t) of

X ′ = F (X, t), X(t0) = X0

exists in some rectangle R, |t− t0| ≤ h, |X0 − X̃0| ≤ l, thenX(X0, t) is continuous inX0, t simultaneously
in R.

Here we are considering the following function. Given (X0, t) ∈ R, its image is the value of the
curve passing through (X0, t0) at time t. The first coordinate gives us a curve, and the second gives
us a point on this curve.

Proof. This is a simple application of the fundamental inequality. Fix a point (X(1)
0 , t1). For anyX(2)

0 ,
we have by the fundamental inequality

|X(X
(1)
0 , t)−X(X

(2)
0 , t)| ≤ |X(1)

0 −X
(2)
0 |ekh, |t− t0| ≤ h.

Now, given ϵ > 0, choose a δ > 0 so that

|t− t1| < δ =⇒ |X(X
(1)
0 , t)−X(X

(1)
0 , t1)| < ϵ

Combining the two inequalities and applying the triangle inequality, it is clear that X(X0, t) is
continuous at (X(1)

0 , t1).

The fundamental inequality shows that the solution is uniformly continuous with respect to
the initial value, this means that two curves are never farther apart than their initial points, up to a
constant.

Lemma 5. Let C be a compact subset of Rn+m, n ≥ 1,m ≥ 0 and let f be a scalar function defined on C.
Write points of Rn+m as (x1, . . . , xn, y) or (x, y). Suppose f extends to a neighbourhood U of C and has
continuous partial derivatives ∂f/∂xi in U , then

f(x+ h, y)− f(x, y)−
∑n
i=1 ∂if(x, y)hi

|h|

approaches 0 as h→ 0 uniformly over C.
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Proof. In the proof below, we use |x| to denote the absolute value of real numbers and magnitudes of
vectors. For each p ∈ C there is an rp > 0 such thatBn+m(p, 2rp) ⊆ U . CoverC by {Bn+m(p, rp)}p∈C
and obtain a finite subcover Bn+m(p1, r1), . . . , B

n+m(pk, rk) and let r = min{r1, . . . , rk}. Given
p ∈ C, it is clear that Bn+m(p, r) ⊂ U . So we may define the error function

E : C ×B(0, r) → R

((x, y), h) 7→

{
f(x+h,y)−f(x,y)−

∑n
i=1 ∂if(x,y)hi

|h| h ̸= 0

0 h = 0

where B(0, r) is the ball of radius r around the origin in Rn. We wish to show that given any ϵ > 0
there is a δ > 0 such that for |h| < δ, |E((x, y), h)| < ϵ ∀ (x, y) ∈ C. Fix an ϵ > 0, we know that for
each p = (x, y) ∈ C there is a δp > 0 such that the inequality holds at p. We first show that the same
δp works on a neighbourhood of (x, y).

For two points p = (x, y), q = (x′, y′) and an h ∈ B(0, r), h ̸= 0, write ph = (x + h, y), qh =
(x′ + h, y′), then

|E(q, h)||h| ≤ |E(p, h)||h|+ |f(qh)− f(q)− f(ph) + f(p)|+
n∑
i=1

|∂if(p)− ∂if(q)||hi|

≤ |E(p, h)||h|+ |
n∑
i=1

∂if(z
′, y′)hi −

n∑
i=1

∂if(z, y)hi|+
n∑
i=1

|∂if(p)− ∂if(q)||hi|

≤ |E(p, h)||h|+
n∑
i=1

|∂if(z′, y′)− ∂if(z, y)||hi|+
n∑
i=1

|∂if(p)− ∂if(q)||hi|

where z is some point on the line between x, x+ h and z′ on the line between x′, x′ + h assuming
that these lines are in U . This assumption is justified if the above calculation is done in some suitable
ball around (x, y).

Now fix p0 ∈ C and ϵ > 0. There is a δ0 such that for |h| < δ0, E(p0, h) < ϵ. Using uniform
continuity of f and its derivatives on C obtain a δ > 0 such that for two points within δ the values of
f and its partial derivatives are within ϵ. We can take 4δ0 < δ < r. Let q be within δ/4 of p0, then for
|h| < δ0, from the calculation above we have

|E(q, h)|h| ≤ |E(p0, h)||h|+ nϵ|h|+ nϵ|h| ≤ (2n+ 1)ϵ|h|.

It follows that for a given ϵ > 0, p0 ∈ C, there is are δ, δ0 > 0 such that for any q within δ of p0, and
|h| < δ0, we have |E(q, h)| < ϵ. Cover C with such open balls and take a finite subcover. Taking the
minimum of all the δ0s, it follows that E(p, h) converges uniformly to 0 as h→ 0 on C.

Remark. Note that the Rm factor can be replaced by any other metric space, the presence of the
second coordinate doesn’t affect the proof in anyway. We can apply mean value theorem because we
are dealing with a scalar function, and fixing the second coordinate gives us a C1 function on some
open subset of Rn.

Theorem 8. Let F (X, t) be continuous and satisfy a Lipschitz condition onX in some regionR : |X−X̃0| ≤
b, |t− t0| ≤ a with upper boundM . Suppose a solution exists on R for all initial points. Write

F = (f1, . . . , fn)

X(X0, t) = (x1(X0, t), . . . , xn(X0, t))

X0 = (x10, . . . , xn0)

Suppose all partial derivative ∂fi(X,t)∂xj
, 1 ≤ i, j ≤ n exist and are continuous simultaneously in X, t on R.

Then ∂xi(X0,t)
∂xj0

, 1 ≤ i, j ≤ n exist and are continuous in X0, t simultaneously over R.

Note here that we have assumed a solution exists with any initial point in R, usually we would
have to shrink R and then apply the theorem.
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Proof. By shrinking R if necessary, we may also assume that F and its derivatives exist on a neigh-
bourhood of R. We will show that ∂xi(X0, t)/∂x10 exist for all i, the other derivatives are similar.
Take two points X0, X0 + (∆x10, 0, . . . , 0). With these points as initial conditions, we have solutions

(x1(X0, t), . . . , xn(X0, t)) and (x1(X0, t) + ∆x1(X0, t), . . . , xn(X0, t) + ∆xn(X0, t))

respectively. Note that these functions depend on the initial point and time. By the fundamental
inequality, we have

∆ = [∆x1(X0, t)
2 + · · ·+∆xn(X0, t)

2]1/2 ≤ ekb|∆x10|.

Set

pi(X0, t) =
∆xi(X0, t)

∆x10

We must show that lim
∆x10→0

pi(X0, t) exists. The idea is as follows. Since pi is a constant times the
difference of solutions, differentiating it would give us a relation in terms of fi. We will show that pi
is an approximate solution to another system of differential equations and that these pi converge to
the solution of that system.

To this end, differentiating ∆xi gives

∂∆xi
∂t

(X0, t) = fi(x1 +∆x1, . . . , xn +∆xn, t)− fi(x1, . . . , xn, t)

=

n∑
j=1

∂fi
∂xj

(x1, . . . , xn, t)∆xj(X0, t) + ηi(x1, . . . , xn, t)∆

where ηi is the error function. A couple of things worth mentioning. Our hypothesis is that each fi
has partial derivatives in xj which are continuous as functions of X, t, since R is compact, f satisfies
the hypothesis of the lemma. Secondly, note that all functions on the right are functions of the initial
point and time.

By the lemma above, ηi → 0 uniformly onR as∆ → 0. Here although the xis depend on the initial
value and t, we know that as long as ∆ is small, ηi is also small, regardless of what (x1, . . . , xn, t)
is. However,∆ depends on the initial point and t. This is where the fundamental inequality helps
because we can bound ∆ uniformly by ∆10.

So, as ∆10 → 0,∆ → 0. So, independent of where (x1, . . . , xn) is (which depends on X0, t),
ηi(x1, . . . , xn, t) goes to 0 as well. Dividing by∆x10 we get

dpi
dt

(X0, t) =

n∑
j=1

∂fi
∂xj

(x1, . . . , xn, t)pj + ηi
∆

∆x10
.

So, if we fix an initial pointX0,∆x10, then pi (now a function of t alone) are an approximate solution
of the system

dqi
dt

=

n∑
j=1

∂fi
∂xj

(x1(t), . . . , xn(t), t)qj (2)

where now xi are treated as a function of time, with initial condition

qi(t0) =

{
1 i = 1
0 i ̸= 1

It is easy to see that the derivatives of qi, which are linear in q with coefficients depending on t,
are continuous in qi, t and satisfy the Lipschitz condition on qis because the derivatives of f are
continuous , hence bounded, on R. Therefore a solution exists with the given initial conditions,
moreover it exists on |t− t0| ≤ a because it is a linear system.
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Moreover, pi(X0, t) satisfy the same system with error less than

nmax
i

(ηi(x1(X0, t), . . . , xn(X0, t), t)
∆

∆x10
)

which goes to 0 uniformly, independent of X0, t, hence can be made arbitrarily small.
Having fixed X0, because ηis go uniformly to zero over R as ∆x10 → 0 and ∆/∆x10 is bounded

uniformly on R, it follows that as functions of t on |t− t0| ≤ a, the approximate solutions pi converge
to a solution of 2. Therefore, for a fixed X0, the limit

lim
∆x10→0

pi(t)

exists, which means that the (x1, . . . , xn) are differentiable as functions of x10. Note importantly that
the limit of these pis exist uniformly on R, i.e., the derivative quotient converges at the same rate at all
points of R. We will prove the continuity of these derivatives later.

We spend some time understanding the system 2. On R, let X(X0, t) = (x1(X0, t), . . . , xn(X0, t))
be a solution of dX/dt = F (X, t). Then, the partial derivative of xi with respect to the first coordinate
x10 of X0 satisfy

dqi
dt

(X0, t) =

n∑
j=1

∂fi
∂xj

(x1(X0, t), . . . , xn(X0, t))qi(X0, t)

with initial condition
dqi
dt

(X0, t0) =

{
1 i = 1
0 i = 0

First let us look at the initial condition. Note that it doesn’t depend on the initial point X0. Geomet-
rically, consider two points X0, X0 + (∆x10, 0, . . . , 0). What we are doing is to take curves passing
through these two points at t0, and looking at the difference of coefficients. As the two curves
approach t0, the first coordinate will depend linearly on the change∆x10 while the other coordinates
shouldn’t change much because the initial points only differ in the first coordinate. This geometric
picture is translated into the initial conditions above.

We ask where is the system 2 defined. The system (q1, . . . , qn) have time derivatives of the form
a1q1 + · · ·+ anqn where ai are functions ofX0, t. These qi are themselves functions ofX0, t, however
their dependence on X0 is not as direct as their dependence on t. For a fixed X0, this is a system
defined on Rn × [t0 ± a], and that is where our solutions lie. The xi are continuous, differentiable
functions xi : R→ B where B = |X − X̃0| ≤ b. The indirect dependence of the qi on X0 is captured
in the following.

Theorem 9. Consider a system of differential equations in which the functions fi depend upon any number of
parameters µ1, . . . , µm

dxi
dt

= fi(x1, . . . , xn;µ1, . . . , µm; t), 1 ≤ i ≤ n.

If each fi has partial derivatives with respect to x1, . . . , xn;µ1, µ2, . . . , µm continuous in some (n+m+ 1)
-dimensional region R, then the solutions

xi(x10, . . . , xn0;µ1, . . . , µm; t), 1 ≤ i ≤ n

will have partial derivatives in µ1, . . . , µm continuous in all their arguments through whatever part of R the
solutions are defined.

Proof. The idea is to simply treat the parameters as constant functions of t. So, along with the given
equations, consider dµj/dt = 0, 1 ≤ j ≤ m. This new system of n +m variables has a solutions
with initial value (x10, . . . , xn0, µ1, . . . , µm) and is continuous with respect to the initial variables.
Moreover, by the theorem above, the solutions are differentiable with respect to each coordinate of
the initial condition, in particular the µjs.
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Continuing with the solutions to 2, applying the theorem above, it follows that qi are continuous
as functions of X0, therefore the solution (x1, . . . , xn) is C1 with respect to the initial value. We can
go further. If the fi are C2, then because xi are C1 with respect toX0, qi are differentiable with respect
to x10, . . . , xn0. From here, it is clear how by increasing the number of variables we can conclude
that the solution to dX/dt = F (X, t) is Ck when F is Ck with respect to X .

More directly, what we have proved above is that when F is C1 with respect to the initial condi-
tions, the collection (x1, . . . , xn, q1, . . . , qn), where xi, qj are as above, satisfy a system of differential
equations which is C1 if F is C2. This is because the xi have continuous first order partial derivatives.
Naturally, a repetition of this process increases the number of variables exponentially, but proves the
result for all Ck, k <∞. The extension to smooth functions is then obvious.

5 Continuous extensions of solutions
This section considers some boundary properties of solutions and can be skipped. Suppose an
integral curve is defined in some domainD over the interval t0 − l < t0 < t0 +m. We consider what
the solution looks like at the end points. Intuitively, they should approach the boundary of D as
otherwise we can extend the solution further.

Theorem 10. LetD be an arbitrary bounded domain (open or closed) in Rn+1 and let F (X, t) be continuous
inD and satisfy a Lipschitz condition inX locally inD, i.e., around each point ofD, there is a neighbourhood
where the restriction of F is Lipshcitz in X . Suppose X is a solution to dX/dt = F (X, t) passing through
(X0, t0) defined on the right of t0 till t0 +m which cannot be extended further. Then, if p(t) is the distance of
the point (X(t), t) from the boundary C of D, then

lim
t→t0+m

p(t) = 0.

Note that when F is locally Lipschitz in X and D is compact, F is Lipschitz in X .

Proof. Let ϵ > 0 be given and S be the set of those points in D which have a distance ≥ ϵ from C. It
is bounded because D is bounded. Suppose as t→ t0 +m, there are infinitely many points in S, so
we get an increasing sequence tn → t0 +m such that Pn = (X(tn), tn) ∈ S.

Since S is bounded, these Pn have a limit point P̃ = (X̃, t̃) which is in the interior of D as it can’t
be in C or in its exterior. Note in particular that t̃ = t0 +m.

Now, there is a rectangle R around P̃ of the form |X − X̃| ≤ b, |t− t̃| ≤ a contained in D. LetM
be the bound on |F | in R (finite because F is continuous, R is compact). Furthermore, we can shrink
R itself so that F is Lipschitz in X over R.

The idea is to obtain a Pn very close to P̃ in R1 and then extend the solution to beyond t0 +m.
Recall that if we had a rectangle of the form |X−X0| ≤ b, |t− t0| ≤ a, then a solution passing through
(X0, t0) exists on the interval |t− t0| ≤ h = min(a, b/M).

So, given tn, to extend it beyond t0 +m, we would like h > t0 +m − tn. To this end, we first
choose Pn such that

|X̃ −X(tn)| ≤ b/2, t̃− tn ≤ a/2.

Once we have that, we would have the rectangle

|X −X(tn)| ≤ b− |X̃ −X(tn)|, |t− tn| ≤ a− (t̃− tn)

contained in R, hence in D and h = min(a− (t̃− tn), (b− |X̃ −X(tn)|)/M).
Therefore, we initially shrink a so that a < b/2M , then h = a− (t̃− tn) > a/2. Since t̃− tn < a/2,

it is clear that a solution passing through Pn extends beyond t0 +m.
Now we have two solutions passing through Pn defined on a (closed) neighbourhood of tn,

hence they must agree by the uniqueness theorem. Therefore, the original solution can be extended
beyond t0 +mwhich is contrary to the assumption.

Thus, as t→ t0 +m, the solution must eventually have no points in S. Since ϵ > 0 was arbitrary,
the solution must have limit points in the boundary.

Note that since D is bounded, as t→ t0 +mwe always have limit points.
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Remark. What we have shown is that the limit points as t → t0 +m (which exist because D is
bounded) must all lie in C. It does not mean that there is a single limit point. Moreover, many
different solutions may converge to the same limit point in the boundary and this doesn’t contradict
the uniqueness because the solution is not really defined at the limit point. As an example, restrict
the two solutions in the example above on the region x > 0 (here f is seen to be locally Lipschitz).

Theorem 11. If R is the domain Rn × (t1, t2) and if F (X, t) satisfies a Lipschitz condition uniformly in
every subdomain of the type Rn × [t′1, t

′
2], t1 < t′1 < t′2 < t2, then the solution of dX/dt = F (X, t) passing

through any point of R may be extended throughout the entire open interval (t1, t2).

Proof. Fix a point (X0, t0) and look at the maximal interval around it where a solution exists. Let it
be (a, b). If a > t1 or b < t2, then one can extend the solution slightly by hypothesis, and patch up
the two solutions by uniqueness. Therefore, the solution must exist on (t1, t2). Alternately, following
[1], one can argue as follows.

Suppose such a solution X(t) cannot be extended beyond some t0 < t̄ < t2. Fix some ϵ > 0 such
that t̄− ϵ > t0, and on [t0, t̄− ϵ] consider the approximate solution given by X̃(t) ≡ X0. The error of
approximation is

max
[t0,t̄−ϵ]

|dX̃
dt

− F (X0, t)| ≤ max
[t0,t̄]

|F (X0, t)| =M

where a maximumM exists because F (X0, t) is continuous on the compact set [t0, t̄].
By the fundamental inequality, we have

|X(t)−X0| ≤
M

k
ek(t̄−t0)−1, t0 ≤ t ≤ t̄− ϵ.

Note that the bound is independent of ϵ, so X is bounded to the left of t̄, hence by the theorem
above, it must approach the boundary of R (for we are considering a maximal solution). However,
this is impossible as t̄ < t2. Therefore, the solution must exist till t2. Similarly, the solution must exist
to the left of t0 till t1.

6 Vector fields
A note to the reader : Since the following sections are based from a variety of sources there may be
certain inconsistencies in the notation. Specifically, the flow along a vector field X may be written as
Xt or ϕt. However, within each proof, I have tried to be consistent with the notation, so it shouldn’t
be that much of a problem.

Given a smooth manifold M , the tangent vectors at a point are derivations on the algebra of
germs of smooth functions at that point. This collection of derivations forms a vector space (of the
same dimension asM) and is called the tangent space. The tangent bundle TM is obtained by taking
the disjoint union of all tangent spaces. Using the projection map π : TM →M , we can topologize
TM to arrive at a smooth manifold TM such that π is a smooth map.

Since the tangent space at each point is contractible, TM,M are actually homotopy equivalent.
We have the inclusion map i : M → TM with inverse given by π and i ◦π is homotopic to the identity
map via

F : TM × I → TM

((p, v), t) 7→ (p, (1− t)v)

(check smoothness locally). Therefore, from the point of homotopy theory TM,M are identical.
A smooth vector field on an open set U is a section X : M → TU of the projection map. Given a

curve c : I →M , its derivative is a vector field on c(I). When talking about smooth curves on closed
intervals we always assume that the curve can be extended (smoothly) to some neighbourhood of
the closed interval, that way there is no issue of differentiability at the end points.

The question we are interested is the inverse. Given a vector field, can we find curves, passing
through some fixed point say, whose derivatives agree with the given vector field. Note here that the
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derivative of a curve at a point is a linear map from one tangent space to another, since the tangent
bundle of the interval is trivialised, we can talk of the derivative as assigning a single tangent vector
to each point on the image of the curve.

Locally, after going to a coordinate chart, we are trying to solve a system of differential equations.
Let p ∈M and (U, x1, . . . , xn) be a chart around p where the vector field is given by some a1∂/∂x1 +
· · ·+ an∂/∂xn, then the curve is going to be of the form (y1(t), . . . , yn(t)) such that

dyi
dt

= ai(yi(t)).

So, locally it is a question in ordinary euclidean space and we know how to solve it. We are then
interested in maximal solutions, curves which can go outside coordinate charts. Any solution will be
called an integral curve to the vector field. We have the following theorem from [2].

Theorem 12. Let X be a C∞ vector field on a differentiable manifold M . For each m ∈M there exists
a(m), b(m) ∈ R ∪ {±∞} and a smooth curve

γm : (a(m), b(m)) →M

such that

(a) 0 ∈ (a(m), b(m)) and γm(0) = m.
(b) γm is an integral curve of X .
(c) If µ : (c, d) →M is a smooth curve satisfying (a), (b), then (c, d) ⊆ (a(m), b(m)) and µ = γm|(c,d).

We define the following

Definition 3. For each t ∈ R define a transformation Xt with domain

Dt = {m ∈M : t ∈ (a(m), b(m))}

by setting Xt(m) = γm(t).

(d) For eachm ∈M , there exists an open neighbourhood V ofm and an ϵ > 0 such that the map

(t, p) 7→ Xt(p)

is defined and is C∞ from (−ϵ, ϵ)× V →M .
(e) Dt is open for each t.
(f) ∪t>0Dt =M .
(g) Xt : Dt → D−t is a diffeomorphism with inverse X−t.
(h) Let s, t be real numbers. Then the domain of Xs ◦Xt is contained in, but not generally equal to, Ds+t.

However, the domain of Xs ◦Xt is Ds+t in the case in which s, t both have the same sign. Moreover, on
the domain of Xs ◦Xt, we have Xs ◦Xt = Xs+t.

Before going for the proof, let us discuss what the theorem is saying. We have a vector field
X . From earlier considerations we know that we can find local solutions. Moreover, by smooth
dependence on initial conditions we know that locally the curves depend smoothly on the initial
parameter. Now we can consider the maximal possible solution (because we know that solutions
exist). The operation Xt sends Dt forward (or backward) in time along X . And statement h says
that going ahead s+ t units is the same as going t units and then s units of time. As an example, for
a particular vector field on the sphere, we would get a slowly rotating ball,Xt would be the family of
rotations parametrised by time.

Proof. We take (a(m), b(m)) to be the maximal interval around 0 such that a solution exists passing
throughm at t = 0. It is non empty by the existence theorem (and this proves (f)). Moreover, by the
uniqueness theorem (c) follows.

Fix a pointm and let (U, x1, . . . , xn) be a coordinate chart aroundm. We translate everything to U ,
so we have smooth functions a1, . . . , an defined on U which we can treat as being defined on U × R.
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Now, by using previous theorems and shrinking U to a rectangle if necessary, we know that there
is some ϵ > 0 and a neighbourhood V ofmwhere a solution exists on V × (−ϵ, ϵ) and is smoothly
dependent on the initial point. Lifting everything back toM proves (d).

Let t ∈ (a(m), b(m)), then s 7→ γm(t + s) is an integral curve of X on the maximal domain
(a(m)− t, b(m)− t) with initial condition 0 7→ γm(t). The interval is maximal because otherwise we
could extend (a(m), b(m)). It then follows, by (c), that

(a(m)− t, b(m)− t) = (a(γm(t)), b(γm(t)))

and for s in the above interval,
γγm(t)(s) = γm(t+ s).

Now, ifm is in the domain ofXs◦Xt, then t ∈ (a(m), b(m)) and from the above, s ∈ (a(m)−t, b(m)−t),
i.e., s+ t ∈ (a(m), b(m)). Thus,m ∈ Ds+t and we have Xs(Xt(m)) = Xs+t(m). When s, t have the
same sign andm ∈ Ds+t, then we immediately have t ∈ (a(m), b(m)), hence s ∈ (a(γm(t)), b(γm(t))),
hencem is in the domain of Xs ◦Xt.

Parts (e), (g) are trivial for t = 0, so we assume t > 0 (the negative case is similar). Letm ∈ Dt.
From (d), for every p ∈ γm([0, t]), there is a neighbourhood Vp of p and an ϵp > 0 such that Xs(q) is
defined on (−ϵp, ϵp)× Vp. Cover γm([0, t]) by these Vp and obtain a finite subcover whose union is
W and take the minimum of the ϵs associated to the finite subcover to get an ϵ > 0 such thatXs(q) is
defined on (−ϵ, ϵ)×W .

What this means is that we can smoothly move ϵ units of time for every point inW . Now, we
need to obtain a neighbourhood aroundmwhere we can move ahead t units of time. To this end,
obtain an n large enough so that t/n < ϵ. The idea is that we move ahead by t/n units and if we are
still inW , then we can move ahead some more.

Note that Xt/n is defined on W and is a smooth function to M . Now, set α1 = Xt/n|W and
W1 = α−1

1 (W ). Then for i = 2, . . . , nwe inductively define

αi = Xt/n|Wi andWi = α−1
i (Wi−1)

(alternately one can just take the inverse underXt/n and intersect the inverse withWi−1). Each αi is
C∞ and henceWn is an open subset ofW containingm (it containsm as γm(t) ∈W), and by part
(h),

α1 ◦ · · · ◦ αn|Wn
= Xt|Wn

.

Consequently,Wn ⊆ Dt, hence Dt is open proving (e).
Note that above we have obtained Xt as a composition of smooth maps locally, hence Xt is a

smooth map for all t ∈ R. By part (h),Xt, X−t are inverses of each other on their respective domains.
Therefore, Xt maps Dt diffeomorphically onto D−t proving part (g).

We do not always have the domain of Xs ◦Xt as Ds+t, consider for exampleM = (0,∞) and the
vector field d/dt, then from each point we can move indefinitely to the right, but only for a finite
time to the left, therefore the domain of composition ofXt ◦X−t is not the whole space for t > 0, but
X0 = (0,∞).

Definition 4. A smooth vector fieldX onM is complete if Dt =M for all t. In this case, the transformations
Xt form a group of transformations ofM parametrized by the real numbers called the 1-parameter group ofX .

Theorem 13. Smooth vector fields on compact manifolds are complete.

Proof. We repeat an argument from the previous theorem. LetM be a compact manifold and X a
smooth vector field, around every pointm ∈M there is a neighbourhoodWm and an ϵm > 0 such
that a solution to X exists on (−ϵm, ϵm)×Wm. CoverM byWm and obtain a finite subcover, then it
follows that there is an ϵ > 0 such that a solution exists on (−ϵ, ϵ)×M . Given t > 0 (the negative
case is similar), we take an n large enough so that t/n < ϵ. Now each point can be moved ahead t/n
units, composing n times we see that Dt =M , i.e., X is complete.
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Given a smooth vector field X on a manifoldM , we say that a point p ∈M is regular if Xp ̸= 0
and singular otherwise.

Theorem 14. (Canonical form for a Regular Vector Field) Let X be a smooth vector field on a manifoldM
and let p ∈M be a regular point. There exist coordinates (x1, . . . , xn) on a neighbourhood of p where X is
equal to ∂/∂x1.

Proof. What this means is that the diffeomorphism provided by the chart makes the x1-lines into the
flows ofX . Let (U, y1, . . . , yn) be a chart near pwith p corresponding to origin and by a suitable linear
transformation we may assume that Xp = ∂/∂y1. There is a neighbourhood U0 of p and an ϵ > 0
such that a flow Φ of X is defined on (−ϵ, ϵ)× U0 and its image lies in U . By shrinking U0 we may
assume that it is a rectangle of the form I × S where I is an interval and S is an n− 1 dimensional
rectangle.

Define the smooth map

ψ : (−ϵ, ϵ)× S → U

(t, q) 7→ Φ(t, (0, q))

We are essentially using the “zero section” of the projection U0 → S which is why we needs the
assumption that U0 is rectangular. Now,

(ψ∗
∂

∂t
|(t0,x0))f =

∂

∂t
|(t0,x0)(f ◦ ψ)

=
∂

∂t
|t=t0f(Φ(t, (0, x0)))

= Xψ(t0,x0)f

because Φ is the flow corresponding to X . At the same time we have

ψ(0, x2, . . . , xn) = Φ(0, (0, x1, . . . , xn)) = (0, x2, . . . , xn)

therefore,
ψ∗

∂

∂xi
|(0,0) =

∂

∂yi
|(0,0)

hence at the origin, ψ∗ maps a basis to a basis, hence applying the inverse function theoremwe obtain
a diffeomorphism ψ : W → Y whereW is a neighbourhood of (0, 0) and Y is a neighbourhood of p.
The inverse is a chart where the pullback of ∂/∂t is X thus completing the proof.

Geometrically, we take the horizontal slice of U0 and send all the points in this slice “upwards”
along X (imagining x1 to be upwards). Then, a neighbourhood of p is parametrised by it’s position
in the horizontal slice and a time coordinate along the flows of X . Intuitively, ψ takes the horizontal
slice and translates it along X (which we are imagining as not lying on the horizontal slice).

The interesting things happen around singular points. When p is a regular point, the flow behaves
like a steady streammoving in the x1 direction, but when it is singular, while p is fixed, points around
it may swirl around p, asymptotically approach p or go off to infinity and so on. This sort of behaviour
is studied under the name of smooth dynamical systems.

It is very tempting to want a similar canonical form for a collection of vector fields X1, . . . , Xm

near p. Above, we fixed one slice and translated it in time. Ideally, the general case would involve
fixing some n−m dimensional slice and translating that alongm flows (one for each vector field) for
varying amounts of time to reach a different point. This way we could parametrize a neighbourhood
usingm time coordinates and n−m space coordinates. However, a problem occurs when we look at
the order of the flows we use to translate our slice and for it to be order independent we will need
the vector fields to be “involutive”.

Now, letX be a smooth vector field on a manifoldM and fix a point p ∈M . There is a neighbour-
hood (−ϵ, ϵ)× V of (0, p) and a map Φ: (−ϵ, ϵ)× V →M which defines the flow corresponding to
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X , i.e., for each q ∈ V , the curve t 7→ Φ(t, q), t ∈ (−ϵ, ϵ) is an integral solution to X passing through
q. We study the derivative of Φ.

For a fixed t, denote by jt the inclusion V ↪→ {t} × V . Then,Xt = Φ ◦ jt, t ∈ (−ϵ, ϵ). By shrinking
V if necessary we may assume that V has coordinates and that Φ lands in an open set with the same
coordinates (for example, obtain V and consider Φ−1(V )). Then in local coordinates (we don’t need
explicit coordinates, but it helps to think in terms of coordinates), the derivative of Φ is of the form[

X(Φ(t, q)) DXt(q)
]
n+1×n

Fix a time t and suppose t± δ ⊂ (−ϵ, ϵ). Consider the map

F : (−δ, δ)×W →M

(t′, q) 7→ Φ(t+ t′, q)

whereW is some smaller neighbourhood so that F lands in V . This is a well defined, smooth map
and equals Φ ◦ jt ◦ Φ on (−δ, δ) × V because Xt ◦ Xt′ = Xt+t′ (we need to shrink V so that the
composition is defined).

The image of the vector ∂/∂t at (0, p) under F is going to beX(Φ(t, p)), while the derivative taken
along the composition ΦjtΦ is going to be, by chain rule, DXt(p)(X(p)). Therefore, we have

(Xt)∗(p)(X(p)) = X(Φ(t, p))

in other words, the push forward of X(p) along the flow Xt is going to be X(Xt(p)). Since t, p were
arbitrary, the result holds at all other times and points also. Next we look at the push forward of
other vectors. In order to do so, we introduce Lie Brackets.

6.1 Lie Bracket
On Rn we know that the partial derivatives commute on smooth functions. On manifolds, it doesn’t
make sense to compose two derivatives at a point because derivatives act on functions. Therefore,
we must consider vector fields acting on functions to obtain other functions, and in fact this is what
happens over Rn as well, where we consider constant vector fields.

Given two vector fieldsX,Y on a manifold, and a smooth function f : M → R, we have a smooth
function Xf . We can then act Y on Xf to get Y (Xf). In this way we can compose two vector fields,
however Y X is not itself a vector field. We look at the commutator

[X,Y ] = XY − Y X

called the Lie Bracket of X,Y .
It is easy to verify that [X,Y ] is another vector field and we have (see [2])

(a) [X,Y ] is a smooth vector field onM .
(b) If f, g ∈ C∞(M), then [fX, gY ] = fg[X,Y ] + f(Xg)Y − g(Y f)X .
(c) [X,Y ] = −[Y,X].
(d) (Jacobi identity) [[X,Y ], Z] + [[Y,Z], X] + [[Z,X], Y ] = 0 for all smooth vector fields X,Y , and

Z onM .

Suppose we have a coordinate chart (U, x1, . . . , xn) and two vector fields given by

X =
∑

ai
∂

∂xi
, Y =

∑
bi

∂

∂xi
.

Now given a germ f we compute the derivative at a point p as follows

[X,Y ]p(f) = Xp(Y f)− Yp(Xf)

=
∑
i

ai(p)
∂

∂xi

∣∣∣∣
p

(∑
j

bj
∂f

∂xj

)
−

∑
i

bi(p)
∂

∂xi

∣∣∣∣
p

(∑
j

aj
∂f

∂xj

)

=
∑
i,j

(
ai(p)

∂bj
∂xi

(p)− bi(p)
∂aj
∂xi

(p)

)
∂f

∂xj
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where we have used the fact that for smooth functions (or more generally C2 functions) the double
derivatives commute (i.e., the lie bracket of the constant vectors in regular euclidean space is zero).
Note in particular what happens if Y is a constant vector for example, i.e., if the bis are constant.

Definition 5. Let φ : M → N be C∞. Smooth vector fields X on M and Y on N are called φ-related if
dφ ◦X = Y ◦φ (wherever it makes sense, i.e., in the image of φ). In other words, Y is the push forward ofX .

Theorem 15. Let φ : M → N be C∞. Let X and X1 be smooth vector fields on M and let Y and Y1 be
smooth vector fields onN . IfX is φ-related to Y andX1 is φ-related to Y1, then [X,X1] is φ-related to [Y, Y1],
i.e., Lie bracket commutes with push forwards..

Proof. Letm ∈M and f a C∞ germ at φ(m). We need to show that

dφ([X,X1]m)(f) = [Y, Y1]φ(m)(f).

Just applying the definitions, we have

dφ([X,X1]m)(f) = [X,X1]m(f ◦ φ)
= Xm(X1(f ◦ φ))−X1|m(X(f ◦ φ))
= Xm((dφ ◦X1)(f))−X1|m((dφ ◦X)(f))

= Xm(Y1(f) ◦ φ)−X1|m(Y (f) ◦ φ)
= dφ(Xm)(Y1(f))− dφ(X1|m)(Y (f))

= Yφ(m)(Y1(f))− Y1|φ(m)(Y (f))

= [Y, Y1]φ(m)(f)

Now, let X,Y be smooth vector fields onM and fix a point p ∈M . Let V be a neighbourhood of
p such that a flow Φ is defined on (−ϵ, ϵ)× V for the vector field X .

Theorem 16. If [X,Y ] = 0, then Φ∗Y = Y , i.e., for all t,Xt∗(Y ) = Y .

Proof. We’re seeing Y as a vector field on (−ϵ, ϵ) × V by setting the time coefficient to 0, i.e., the
unique vector field related to Y via projection. We know that at time t = 0 Φ∗Y = Y because the
flow is the identity map. The idea is to compute the time derivative of Φ∗Y and show that it is zero.
If we think in terms of coordinates, they are a priori functions of time and position and we hope
to show that they in fact only depend on the position, i.e, Φ(t, q). We introduce a time vector to
distinguish the same point at different times, so that we can see the pushforward of Y at a single
point at different times: extend Φ to Φ̃ by

Φ̃ : (−ϵ, ϵ)× V → (−ϵ, ϵ)×M

(t, q) 7→ (t,Φ(t, q))

We compute the bracket [∂/∂t, Φ̃∗Y ]. Because ∂/∂t is a constant vector field, this bracket gives us the
time derivative of Y . Note that

(Φ̃∗
∂

∂t
)(t,Φ(t, q)) =

∂

∂t
(t,Φ(t, q)) +X(Φ(t, q))

by using coordinates (look at the image of the t-curves in (−ϵ, ϵ)× V ). Using Φ̃∗X = X , we have

[
∂

∂t
, Φ̃∗Y ](t,Φ(t,q)) = [Φ̃∗

∂

∂t
− Φ̃∗X, Φ̃∗Y ](t,Φ(t,q))

= Φ̃∗[
∂

∂t
, Y ](t,q) − Φ̃∗[X,Y ](t,q)

at every point (t,Φ(t, q)) ∈ (−ϵ, ϵ)×M . Since Y is independent of time, the first term is zero and the
second is zero by assumption. So, the bracket [∂/∂t, Φ̃∗Y ] = 0 wherever it is defined.
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Again, on (−ϵ, ϵ)×M,∂/∂t is a constant vector field, so the left hand side is just the vector field
obtained by time differentiating the coefficients of Φ̃∗Y . Φ̃∗Y is a function of (t, q1) and the above
says that it is independent of t, meaning that the pushforward of Y at some point q1 doesn’t depend
on where you arrived from (i.e., the starting point and time taken to reach q1 along X).

Since the time derivative is zero, the coefficients of Φ̃∗Y at any (t, q1) in the image of Φ̃ is indepen-
dent of t and equals the value at (0, q1)which is Y (q1). It then follows that for every time t,Xt∗Y = Y
as required.

For another proof, see [3]. To recap, the idea is to show that the pushforward of Y is independent
of time, hence the curve so described in Tq1M is constant. Since at t = 0, Xt is identity, this means
that the pushforward is Y itself.

Geometrically, fix a point q1 and imagine transporting the vector field Y along X from various
starting points. This gives a collection of vectors at q1, varying in time (intuitively, it is a function of
time because the starting point can be recovered by going back from q1 for t time), in other words,
a path in the tangent space at q1. The above says that this is the constant path. More generally, we
have shown here that

[
∂

∂t
, Φ̃∗Y ](t,Φ(t,q)) = −Φ̃∗[X,Y ](t,q) (3)

This formula gives the velocity (not quite) of the path mentioned above, i.e., the Lie bracket (or
rather, its pushforward along the flow to the point in question) gives the derivative of Y along X .
So, to get the pushforward of Y , we need to integrate the Lie bracket along a path (technically we
need to pushforward and then integrate, so that all vectors are in the same tangent space).

Next we show that the flows of commuting vector fields themselves commute. If we have two
commuting vector fieldsX,Y with flows ϕt, ψt respectively we show that ϕt ◦ψs = ψs ◦ ϕt wherever
both sides are defined. Geometrically this encloses a parallelogram, going t along X and s along
Y is the same as going along Y first and then X . Before that we prove the following more general
result, from [3].

Theorem 17. Suppose F : M → N is a smooth map, X,Y smooth vector fields onM,N respectively with
corresponding flows ϕ, ψ. Then X and Y are F -related if and only if for each t ∈ R, ψt ◦ F = F ◦ ϕt on the
domain of ϕt.

Proof. Denote by Dt,X the domain of ϕt and similarly Dt,Y . First, suppose X,Y were F -related, i.e.,
F∗,pXp = YF (p) ∀p. Let γ be a maximal flow through p, then

(F ◦ γ)′(t) = F∗,γ(t)(γ
′(t))

= F∗,γ(t)Xγ(t)

= YF (γ(t))

So, F ◦ γ is a flow through F (p) and by uniqueness results, we see that the flow through F (p) is
defined for at least as much time as it is defined for p. It then follows that ψt ◦ F = F ◦ ϕt on Dt,X .

Conversely, suppose F (Dt,X) lands in Dt,Y and that ψt ◦ F = F ◦ ϕt for all t. Fix a point p and
let γ be a (maximal) flow through p defined on a domain Ip. Then for all t ∈ Ip, γ(t) = ϕt(p), so
F ◦ γ(t) = ψt ◦ F (p) is the flow through F (p) by definition. So,

F∗,pXp = F∗,p(γ
′(0))

= (F ◦ γ)′(0)
= YF (p)

completing the proof.

Theorem 18. LetM be a smooth manifold, X,Y smooth vector fields onM with flows φ,ψ defined on some
neighbourhood of (0, p), p ∈M . ThenX,Y commute if and only if their flows commute, i.e., φt ◦ψs = ψs ◦φt
wherever defined.
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Proof. Suppose that the flows of X,Y are defined on a neighbourhood (−ϵ, ϵ)× V of (0, p). If X,Y
commute, i.e., [X,Y ] = 0, then we know that φt∗Y = Y , i.e., Y is invariant under φt for all t, which
means that Y is φt-related to Y . By the theorem above,

φt ◦ ψs = ψs ◦ φt

where we use the same notation ψs for flows on V,M because they are the flows of the same vector
field.

Conversely, if the flows commute, Y is φt-related to Y onM , whichmeans that the time derivative
of φt∗Y at a fixed point is zero, so [X,Y ] = 0 by Equation 3.

With this result, we can prove a canonical form for commuting vector fields as we shall see next.

6.2 Distributions and Frobenius Theorem
Definition 6. Let c be an integer, 1 ≤ c ≤ d. A c-dimensional distribution D on a d-dimensional manifoldM
s a choice of a c-dimensional subspace D(m) ofMm for eachm ∈M . D is smooth if for eachm ∈M there is
a neighbourhood U ofm and there are c vector fieldsX1, . . . , Xc of class C∞ on U which span D at each point
of U . A vector field X onM is said to belong to (or lie in) the distribution D(X ∈ D) if Xm ∈ D(m) for
eachm ∈M . A smooth distribution D is called involutive (or completely integrable) if [X,Y ] ∈ D whenever
X,Y are smooth vector fields lying in D .

Definition 7. A submanifold (N,ψ) ofM is an integral manifold of a distribution D onM if dψ(Nn) =
D(ψ(n)) for each n ∈ N .

Here a submanifold refers to a manifold N together with an injective immersion ψ : N → M .
It is clear that finding an integrable manifold for a given distribution is a generalization of finding
integral curves satisfying a given vector field, the only difference being that integral curves are
supposed to match the vector field, whereas integrable manifolds need only span the same subspace
as the distribution.

Remark. (Non rigorous, intuitive remark) In the one dimensional case, given a vector field, con-
sider the induced distribution. Now, the derivative of local parametrizations of integral submanifold
is going to be scalar multiples of the given vector field and this is going to be a smooth function on
the parameter space. Using a small change of variable, the parametrization can be made into an
integral curve of the vector field.

Lemma 6. Let D be a smooth distribution onM such that through each point ofM there passes an integral
manifold of D . Then D is involutive.

Proof. Let X,Y be smooth vector fields in D and letm ∈M . Let (N,ψ) be an integral manifold of D
throughm, and suppose ψ(n0) = m. Since dψ : Nn → D(ψ(n)) is an isomorphism (because ψ is an
immersion) at eachn ∈ N , there exists vector fields X̃, Ỹ onN such that dψ◦X̃ = X◦ψ, dψ◦Ỹ = Y ◦ψ.
Then, the pushforward of the bracket [X̃, Ỹ ] is the bracket [X,Y ], hence [X,Y ]m ∈ D and D is
involutive.

Theorem 19. (Canonical form for commuting vector fields) LetM be a smooth n-manifold and X1, . . . , Xm

be a collection of smooth commuting vector fields defined on an open subset U such that at each p ∈ U , the
vectors are linearly independent. Then there exists a coordinate chart (V, x1, . . . , xn) around p such that
Xi = ∂/∂xi, 1 ≤ i ≤ m on V .

Proof. First find a chart (V, y1, . . . , yn) around p ∈ U such that pmaps to the origin. Let ϕ1, . . . , ϕm
denote the flows of X1, . . . , Xm respectively. By shrinking various neighbourhoods, arrive at a
neighbourhood U0 of pwhere (ϕm)tm ◦ · · · ◦ (ϕ1)t1 are defined on U0 when all |ti| < ϵ for some ϵ > 0
and the image lands in V . We can shrink U0 further and assume that it is a rectangle of the form
I × S where I ism-dimensional and S, n−m dimensional, centred at the origin.
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Consider the map

F : (−ϵ, ϵ)m × S → U

(t1, . . . , tm, qm+1, . . . , qn) 7→ (ϕm)tm ◦ · · · ◦ (ϕ1)t1(0, . . . , 0, qm+1, . . . , qn)

where we are again using the section S → U0. This is clearly a smooth map.
Since the distribution is involutive, it is easy to see that the pushforward of ∂/∂ti isXi everywhere,

because
(ϕm)tm ◦ · · · ◦ (ϕ1)t1(0, q) = (ϕi)ti((ϕm)tm ◦ · · · ◦ (̂ϕi)ti ◦ · · · ◦ (ϕ1)t1(0, q))

so we get an integral curve through some point for Xi meaning that the pushforward of ∂/∂ti from
(t, q) is indeed Xi at F (t, q)where t = (t1, . . . , tm), q = (qm+1, . . . , qn).

Next, at the origin, F (0, q) = q so the pushforward of the ∂/∂qi vectors is just ∂/∂qi which
means that at 0, F is invertible. By the inverse function theorem, we obtain a chart with the required
properties.

As a corollary, if we have a distribution which is spanned by commuting vector fields (at least
locally), then locallywe can find a chart where the slices, obtained by setting the last n−m coordinates
constant, are integrable submanifolds. In [3] such charts are called “flat” charts, other use “adapted”
charts. The following theorem of Frobenius is one of the most important results in the theory of
smooth manifolds.

Theorem 20. (Frobenius) Given anm-dimensional involutive smooth distribution D on an n-dimensional
manifoldsM , around each point p there is a chart diffeomorphic to a cubical neighbourhood around the origin
such that the slices are integral manifolds of D . Moreover, if (N,ψ) is a connected integral manifold contained
in U , then it must lie in one of these slices.

Proof. The first part amounts to finding a basis of D consisting of commuting vector fields. The
following argument is borrowed from [5].

Pick a chart (U, y1, . . . , yn) around p where a smooth frame Y1, . . . , Ym for D exists, and after
a linear change of variables we may assume that Yi|p = ∂/∂yi|p. In this neighbourhood write
Yi =

∑
j aij∂/∂yj and set A = (aij)1≤i,j≤r. A is a smoothly varying matrix on U and is non singular

at p, hence on a neighbourhood V of p (V can be smaller than U because V only captures those
points where the first r × r minor is non singular). Let B denote the smoothly varying inverse and
consider the new frame Xi = BYi.

Since D is a distribution, Xi ∈ D and moreover, it is a frame on V because B is invertible. On V ,

Xi =
∂

∂xi
+

n∑
k=r+1

cik
∂

∂xk
, 1 ≤ i ≤ r

for some smooth functions cik.
If we were to compute the Lie brackets we get

[Xi, Xj ] = [
∂

∂xi
,
∂

∂xj
] +

n∑
k=r+1

[
∂

∂xi
, cjk

∂

∂xk
] +

n∑
k=r+1

[cik
∂

∂xk
,
∂

∂xj
] +

n∑
k,k′=r+1

[cik
∂

∂xk
, cjk′

∂

∂xk′
].

Observe that this is in the span of ∂/∂xk, k ≥ r+1. However, since D is involutive, it must be a linear
combination of X1, . . . , Xr. But this is possible only if all the brackets are 0, therefore, X1, . . . , Xr

commute.
So, we have found a local frame of commuting vector fields and by using the canonical form for

commuting vector fields, we have the first part of Frobenius’ theorem. Note that once we have set a
chart, all other computations are essentially happening in Euclidean space.

Lastly, suppose ψ : N → U is an injective immersion which is an integral manifold for D with
N connected. If π denotes projection onto the last n−m coordinates, then dπ annihilates D , hence
ψ ◦ π is a constant map on N (because N is connected, else it is constant on the path components of
N), which means that N has to land in one of the slices, S. Now, N → S is an injective immersion
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between manifolds of the same dimension, hence a local diffeomorphism, so an open map and a
homeomorphism into an open subset of S.

If N were not connected, then it is a countable union (by second countability axiom) of its
connected components, hence it’s image must lie in a countable union of slices.

Remark. [2] has a different proof of the Frobenius theorem using induction where the basic idea
is to use the canonical form for one vector, apply it to Y1 and then remove the Y1 component from
the otherm− 1 vectors. Restrict these to the slice y1 = 0 (we start with a rectangular centred chart)
and show that the distribution so obtained is involutive (it works out because Lie brackets and
pushforwards commute - pushforward with respect to inclusion of the slice in the chart). Using the
inductive hypothesis, obtain a rectangularm− 1-dimensional chart around the origin and then add
the y1 coordinate onto it (it requires some work to show that one can simply add the y1 coordinate).

6.3 Maximal integral manifolds
Definition 8. A maximal integral manifold (N,ψ) of a distribution D on a manifold M is a connected
integral manifold of D whose image is not a proper subset of any other connected integral manifold of D .

This is just an extension of the notion of a maximal integral curve. In the one dimensional case,
we had the notion of a maximal interval containing the origin using which we could patch up the
solutions. Here the situation is slightly different. Note that in the one dimensional case we had
curves passing through p, but here we just have regions containing p, and we want to patch up the
differentiable structures on the integral manifolds.

Lemma 7. Suppose ψ : N → M is a smooth map factoring through a ϕ : P → M which is an integral
manifold for a distribution D , i.e., ψ(N) ⊆ ϕ(P ). Let ψ0 : N → P be the unique map such that ϕ ◦ ψ0 = ψ,
then ψ0 is smooth.

Proof. Fix an open U ⊂ P and pick a point p ∈ U . Let (V, x1, . . . , xn) be a cubic centred neighbour-
hood around ϕ(p)whose slices are integral manifolds of D and let Ũ be a neighbourhood of p landing
into V such that ϕ(Ũ) is the slice xm+1 = · · · = xn = 0 (just by taking a preimage). Suppose p1 ∈ N
is a point such that ψ0(p1) = p.

Suppose we prove continuity of ψ0. By the inverse function theorem, a projection π of V gives a
chart, i.e., a diffeomorphism, π ◦ ϕ around p ∈ P . Continuity of ψ0 gives a neighbourhood around
p1 such that π ◦ ϕ ◦ ψ0 = π ◦ ψ is smooth on that neighbourhood, giving us smoothness (for more
detail, consult [2], Theorem 1.32).

LetW be the component of ψ−1(V ) containing p1. To show continuity, we just need to prove that
ψ0(W ) ⊆ Ũ . Because ϕ is injective, it suffices to show that ψ(W ) is in a slice of V . Observe that ψ(W )
is connected and intersects the slice above.

Moreover ψ(W ) lies in a component of ϕ(P ) ∩ V , and we have seen that the components of
ϕ(P ) ∩ V are contained in slices of V , and this completes the proof.

Theorem 21. Let D be anm-dimensional involutive smooth distribution on an n-dimensional manifoldM .
Through each p ∈M there passes a unique maximal connected integral manifold of D , and every connected
integral manifold of D through p is contained in the maximal one.

The following proof is completely borrowed from [2].

Proof. First we prove existence. Given p, letK be the set of all points x for which there is a piecewise
smooth path from p to x whose smooth parts are integral curves of D (i.e., tangents lie in the
distribution). ThisK is connected and in a cubical neighbourhood around x ∈ K, from the canonical
form, the appropriate slice containing x is contained inK.

By second countability of M , cover K by a countable collection {(Ui, x11, . . . , xin)} of cubical
neighbourhoods whose slices

xim+j = constant, 1 ≤ j ≤ n−m
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are integral manifolds for D . Each slice is Euclidean with coordinates x1, . . . , xm.
We prove thatK, with a suitable topology, is a maximal integral manifold through p. First the

topology. The collection of all slices in the Uis above, which intersectK will be taken as coordinate
charts forK and call a subset V open if its intersection with each such slice is open in the slice (i.e.,
we want the inclusion of each slice intoK to be a continuous map).

If two slices intersect, then by the Frobenius theorem, the slices must be “the same” in a cubical
neighbourhood, hence the intersection is open in both the slices (with respect to the Euclidean
topology we have already chosen). This proves thatK is Hausdorff.

Ignoring second countability for the moment, we now have a manifold K with an inclusion
K ↪→M which is an injective immersion and an integral manifold for D because locally, we can go to
the slices, we have integral manifolds. Once we prove second countability, we have a path connected
(by construction) integral manifold.

To prove second countability, observe thatK is covered by countably many charts as above, hence
it suffices to prove thatK intersects each cubic neighbourhood as above in countably many slices.
Let p be contained in (U0, x

0
1, . . . , x

0
n) and fix another such chart (Ui, xi1, . . . , xin). We want to show

thatK ∩ Ui is countable union of slices of Ui. Each point x ∈ Ui is reachable by a piecewise smooth
curve from p lying in K and by its compactness we can cover such a curve by a (not necessarily
unique) finite sequence of charts U0, Ui1 , . . . , Uir , Ui. Note that the curve lives in slices of these
cubical neighbourhoods.

There are countably many such sequences (because we have countably many Uks to choose from
and our sequences are finite in length). We must show that only countably many slices of Ui are
reachable in such a manner.

Observe that if S is one slice of some Uj and Uk is some other cubical charts, then S ∩ Uk is an
open subset of second countable S, hence has countably many components and each component is
a connected integral manifold for D , which means that each component has to be in a slice of Uk.
Therefore, S ∩ Uk is a countable union of slices of Uk.

With that in mind, the path starts from a single slice of U0, and from there we have countably
many options inUi1 and then in Ui2 and so on tillUi. In other words, over all possible finite sequences
U0, Ui+1, . . . , Uir , Ui, we can reach only countably many slices of Ui, thereforeK ∩ Ui is a countable
union of slices.

So now K is second countable: there are countably many slices from each Ui and each such
slice is second countable and there are countably many Uis and because this particular sequence
of operations is nice enough, our infinities remain countable (to put it simply, countably infinity is
closed under addition).

Thus,K ↪→M is a connected integral manifold for D through p. It is maximal because ifN ψ−→M
is another connected integral manifold through p, then by taking the pushforward of piecewise
smooth paths in N we can see that ψ(N) ⊆ K.

Uniqueness: Let (N,ψ) be another maximal integral submanifold through p, then as observed
above, using pushforward of paths, ψ factors through i : K ↪→ M via some map ψ0 : N → K.
From the lemma above, ψ0 is smooth. It is injective because ψ is and an immersion because ψ is an
immersion. By maximality ofN,ψ must be a surjection as well and the dimensions ofN,K are equal.
As a corollary of the inverse function theorem, ψ0 is a diffeomorphism.

Remark. Above we have a coherent topology on K generated by the slices. Since each slice is
second countable, the moment we know that there are countably many slices we can conclude that
K is also second countable by taking the union of countable bases of the individual slices. This of
course breaks down when we have an uncountable number of generators, as can be seen with the
discrete topology on any uncountable space.

7 A short note on complete vector fields
LetM be a smooth manifold and X a complete vector field, i.e., for each p ∈ M , the integral flow
through p is defined for all time.
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Theorem 22. We have a smooth map Φ: M × R → M such that Φ(p, 0) = p ∀ p ∈ M, t 7→ Φ(p, t) is the
integral flow through p.

Proof. The existence ofΦ is clear by the existence of maximal integral flows through points. Moreover,
by the smooth dependence on initial point, for each p ∈ M there is a neighbourhood U × (−ϵ, ϵ)
of (p, 0) where Φ is smooth. Secondly, from an earlier result, we know that Φt : m 7→ Φ(m, t) is a
diffeomorphism ofM . From the same result (and completeness) ∀ p, s, tΦ(p, t+ s) = Φ(Φ(p, t), s).

So, given (p, t0), let U × (−ϵ, ϵ) be a neighbourhood of (Φt(p), 0) where Φ is smooth. Let V =
Φ−t0(U), which is a neighbourhood of p. Then

Φ: V × (t0 − ϵ, t0 + ϵ) →M

(q, t0 + a) 7→ Φ(Φt0(q), a)

factors as Φ ◦ (Φt0 × {x 7→ x− t0}), hence is a smooth map as required.

Now supposeM,N are smooth manifolds and X is a vector field onM ×N which maps to 0
under the projectionM ×N → N , i.e., X is tangent to the fibres. This would mean that the flows
corresponding to X remain in the fibres of the projection. Therefore, X is complete iff it’s restriction
to each fibre is complete on the fibre. In this case, we get a smoothmapΦ: M×N×R →M×N π−→M
such that

1. Φ(m,n, 0) = m∀m,n
2. t 7→ Φ(m,n, t) is the flow throughm in the fibre over n for all n,m.

Now, suppose G is a Lie group. It is a theorem [2] that left invariant vector fields on G are
complete (the basic idea is to take translates of curves at identity, so every point has some uniform ϵ
duration of translation along the vector field). The Lie algebra g is a manifold and on G× g we have
the vector field

F : G× g → TG× Tg

(g,X) 7→ ((g, (lg)∗,eX), (X, 0))

where lg : x 7→ gx is multiplication by g ∈ G from the left and (lg)∗,e it’s derivative at the identity e.
This map is a vector field and it is smooth because the coordinates are smooth: by the smoothness of
left invariant vector fields and the universality of product. This vector field is tangent to the fibres of
G× g → g and each of the restrictions to the fibres are complete, so we have a flow

Φ: G× g× R → G

which satisfies some additional properties because of the Lie structure on G.

1. By left invariance of the vector fields along fibres, Φ(g,X, t) = gΦ(e,X, t).
2. By uniqueness of flows, Φ(Φ(e,X, s), X, t) = Φ(e,X, s+ t)
3. Combining, Φ(e,X, s)Φ(e,X, t) = Φ(e,X, s+ t).
4. From the general theory of flows, Φ(e, sX, t) = Φ(e,X, st)

Combining all of these tells us that it is enough to know Φ(e,X, 1) for every X . This gives us the Lie
group exponential

exp: g → G

X 7→ Φ(e,X, 1)

which basically gives us the transport of e alongX for one unit of time. Once we have the exponential
map for Lie groups we can develop a rich theory of Lie groups and Lie algebras.
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7.1 A shorter note on smoothness of left invariant vector fields
This part is purely for me to note something down. Let Γ denote the left invariant vector fields
on a Lie group G, then we have the evaluation at e,Γ → g. This is injective by left invariance. It
is easy to obtain a left invariant vector field for a given X ∈ g, namely by setting X̃(g) = (lg)∗,eX ,
what’s left is to show that this is a smooth vector field. Letm denote the multiplication on G, then
(lg)∗,eX = m∗,(g,e)(0, X) and we have

((g, 0), (e, v)) ∈ TG× TG TG

g ∈ G

m∗

X̃

which shows that X̃ is a composition of smooth maps, hence smooth.
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