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1 About

I was reading Amritanshu Prasad’s book on Representation Theory, and the first chapter was too
terse for me. I wanted more explanations and a more general theory. So I set out to write these
notes in order to collect my thoughts on the subject and develop it in a general context. I have
tried to keep the rings as general as possible in the sense that they are mostly non commutative.
In the beginning I have made sure to take rings without unity, but near the end, especially after
Artin-Wedderburn Theory, it is hopeless to consider rings without unity. Therefore, the most general
rings considered here are non commutative rings that may or may not have unity. I have also made
sure to avoid the use of finite dimensionality as much as possible. However, I was not bold enough
to work with non associative rings.

Of course, when it comes to a subject like this, there is no point in trying to be original because
all of the subject matter here has been covered by hundreds of authors in many ways, regurgitated
over and over for the better part of the last century. Of course, I have shamelessly borrowed most



of the material from different books, websites and papers that I have not kept track of. Of all the
resources, three stand out and have been listed.

In the end, I suppose some parts are original, at least in the presentation because this is the way
my thoughts flowed on the subject. Certain topics make an appearance out of necessity than as a
part of a larger theory, but I guess this is a good thing because it points out a motivation for the
existence of said topic. I would confidently say that some of the proofs are original in the sense that
I thought of them on my own. Of course, if anyone searches for them, they might find the exact
proof (may be in an even more general/exotic setting) in no time. But I wanted to find these proofs
on my own, with some hints here and there in case I got stuck, and that is exactly what I have done,
at least for most of the text.

So, perhaps this is nothing but glorified accounting. I wasted about two weeks’ time in collecting
these results from varius resources and painstakingly I¥TEXing them just to feel like I am doing
something useful. In fact, all of the material here can be found in T. Y. Lam’s book on Noncommu-
tative Ring Theory. But unfortunately, I discovered that book about half way through my efforts
on this, and by then it was too late to stop writing this. Basically, this is an abridged version of the
first few chapters of that book. It doesn’t even convey that much and contains only what I thought
was interesting making it all the more worthless, just like all the time I spent on this. Having said
that, dear reader, do enjoy this absolute horseshit.

2 Preliminary results

Let R be a ring and M an abelian group. M is a (left) R module if there is a ring homomorphism
p: R — End(M) where End(M) is the ring of group homomorphisms M — M. We denote the
R-module M by (M, p). If R has a 1, we require 1 to map to the identity homomorphism. There
is a notion of right R-module and this is when we reverse the order of multiplication in Endg(M).
Basically, this comes from the two possible ways to make Endr (M) a ring. We shall only deal with
left modules where the multiplication of T}, T> € Endg(M) is the map T7 oTs. Givenr € R,m € M,
we write rm to mean p(r)(m).

A submodule of a module M is a subgroup of M that is closed under the action of R, i.e. closed
under p(r)Vr € R. Given a subset S C M, the submodule generated by S is the smallest submodule
(S) containing S, in other words it is the intersection of all submodules (including M) containing
S. When R contains a 1, it is easily seen to be (S) = {D 4 i 735i|7i € R, s; € S}. However, when
R doesn’t contain a unity, this is still a submodule, but may not contain S.

For example, take R = 2Z and S = {2}. Then the submodule above is 4Z and doesn’t contain
2. In order to contain S, we may proceed as follows. First take the subgroup S’ generated by
S in M. Then consider the set S” = U,crrS’. Now S” is closed under the action of R, but
need not be a subgroup. Now, take S” to be the subgroup generated by S”. This is closed
under the action of R and is a subgroup. Therefore, (S) = S". It can also be thought of as
(S) = {2 finite TrSilsi € S,r; € Z I R} using the Z-module structure on M.

Definition. An R-module is Artinian (Noetherian) if it satisfies the descending (ascending) chain
condition on left submodules.

Let (M, p1), (N, p2) be R-modules. A group homomorphism T: M — N is said to be R-linear,
or an R-module homomorphism, if

M-I N

p1 (T)J( J{m (r)

MT>N

commutes for every r € R.

The center Z(R) of a ring R is the set {z € R|ry = yaVy € R}. It is easy to see that Z(R) is a
commutative subring of R. Given a commutative ring R and a ring S, both having a unity, .S is an
algebra over R if there is a ring homomorphism f: R — S such that f(1g) = 1s and f(R) C Z(S).
When R does not have a unity, we just mean that there is a homomorphism that takes R into Z(S).



When S is an R-algebra, it is an R module with multiplication -z = f(r)zVr € R,z € S. When
S, T are R-algebras, and R-algebra homomorphism between them is simply a ring homomorphism
that is also R-linear.

Given R-modules M, N, the additive group all R-module homomorphisms forms a Z(R)-module
Hompg (M, N) with

p: Z(R) — Hom(Hompg (M, N))
ri=> {T +— pa(r) o T}

When M = N, we write Homp(M, M) = Endr(M). Because of the R-linearity, it is easy to see
that Endg(M) is actually a Z(R)-algebra. If we do not look for R-linearity, then the additive group
of group homomorphisms Hom(M, N) is an R-module with the obvious action.

When M = N, then p; (R) C End(M), however, it is easy to see that p; (r) is Z(R)-linear for every
r € R, therefore, p1(R) C Endz(g)(M). In particular, when R is a K-algebra, p;(r) is a K-vector
space transformation. We shall see later that under some specific conditions, p;(R) = Endg (M).

Suppose {V; }ier is a collection of R-modules over some indexing set I. The direct product of this
collection is the module structure on the cartesian product [[,.; Vi. The direct sum is the module
®icrV; with underlying set the formal sums of terms from V; with all but finitely many being zero.
It can be thought of as the collection of functions from I — [],.; Vi that are zero at all but finitely
many points in I.

If {V;}ier is a collection of submodules of a module V', then we form the internal direct sum ®V;
if every element in ) V; has a unique representation. That is, there is exactly one way to write the
elements of Y V; as a (finite) sum of elements from V;. The internal direct sum is the image of the
external direct sum in V' (take the external sum v;, @ -+ @ v, > v, + -+ + v, 01, .., 0k € I).

If I is an indexing set and V an R-module, then we write V! = [Lic: Vs VI = @V, When T
is finite, the two notions are equivalent and we use the notations interchangeably.

Let K be a field and suppose R has a unity and is a finite dimensional K-algebra. By the
K-algebra structure on R, and the fact that R has a unity make every R module a K-vector space.
For a general ring, we define the following.

Definition. An R-module M is simple (or irreducible) if it has no nontrivial submodule. The module
M is semisimple (or completely reducible) if it can be written as a direct sum of simple modules.
The ring R is semisimple if every R module is semisimple.

Let G be a finite group, a representation of G is a finite dimensional K-vector space V with a
group homomorphism p: G — GL(V). If we form the ring K[G] which is a finite dimensional K-
algebra, then V is a K[G] module. Two representations of G are isomorphic if they are isomorphic
as K[G]-modules.

Examples:

e If R is a K-algebra, then we have a non zero ring homomorphism K — R. Since K is a field,
this homomorphism should be injective, therefore R contains a copy of K in its center.

e Suppose R = K|[G], then the elements of K[G] can be thought of as functions G — K. An
element f € K[G] is in the center if and only if gfg~* = fVg € G. This means that f is

constant on conjugacy classes. Such a function is called a class function on G. Therefore,
Z(K|[G)) is the set of all class functions on G.

Theorem 1. Let M be an R-module and N a submodule. Then M is Artinian (Noetherian) if and
only if N,M/N are Artinian (Noetherian).

Proof. We prove the Artinian case, Noetherian is similar. Suppose M is Artinian. Then any de-
scending chain in N is a descending chain in M, hence stabilises. Similarly, any descending chain in
M/N corresponds to a descending chain of submodules in M containing N, therefore stabilises.

Conversely, suppose N, M/N are submodules. Let M; DO My 2 ... be a descending chain of
submodules. Form the chains (M; N N);>1, (M; + N)/N);>1. Both of these chains stabilize after
some stage. So, there is an N such that

M, NN =M, NN, (M, +N)/N = (Myi1+N)/NVn> N.



For n > N, we know M,, O M,+1. Given x € M,,, we know that z + N € (M,,41 + N)/N, so
there is a y € M, 1 such that x —y € N. Therefore, xt —y € M, "N = M,,;1 NN =z € M,11.
Therefore, M,, = M, 11 ¥Vn > N and M is Artinian. O]

Corollary. A finite direct sum of Artinian (Noetherian) R-modules is Artinian (Noetherian).

Proof. We proceed by induction. Suppose My, ..., M, are Artinian modules and M = M1 ®---®M,.
Then M/My & My @ --- @& M,,. If the corollary is true for n — 1, then by the theorem it is true for
n. Therefore, by induction it is true for every finite direct sum. O

Lemma 1. Suppose M is an R-module for some ring R, then M 1is semisimple if and only if it is
a sum of simple submodules.

Proof. Suppose ¢: @& M; — ®M is an isomorphism where M; (over some indexing set) are simple
modules. The images ¢(M;) are isomorphic to M; and are simple. Moreover, ¢(M;) N ¢(M;) = {0}
for i # j as if ¢(x) = ¢(y) for some x € M;,y € M;, then ¢p(x —y) =0, but z —y # 0 in &M;. It
follows that M = &¢(M;) is a (internal direct) sum of simple submodules.

Conversely, suppose M = ), M; is a sum of simple submodules. Given M;, M;, either M; =
M; or M; N M; = {0} by simplicity.

Consider My, ..., M. If there are two ways to write some element in Z?Zl M;, then there are
elements x; € M; such that x; +--- 4+, = 0 € M. Suppose z; # 0, then z, € My + ... Mp_1,
therefore, My C My + --- + Mjy_1 by simplicity of M. This means that My + --- + My = My +
-+« 4 Mp_q. If k is minimal in the sense that no fewer M; add up to > M;, then it follows that the
sum is actually an internal direct sum.

Consider all possible direct sums @;c yM; where J C I. In essence, this is all collections of M;
such that their sum is an internal direct sum. Order this collection by saying that a direct sum
over Ji is less than that over Js if J; C Jo. Zorn’s lemma applies to give us a maximal direct sum
V = @,csM;. Now, given any M;, by simplicity, either M; C W or M; N W = {0}. In the second
case, W @ M; is a strictly larger direct sum contradicting maximality of W. Therefore, each M;
isin W, so M = @;csM; = W is semisimple. Note that removing redundancies from the original
collection would still require Axiom of Choice. O

3 New representations from old

Suppose (V, p) is a representation of G, and G is a subgroup of G, then V' is also a G representation
given by the restriction of p to G;. More generally, if R is a K-algebra, and V is an R-module, and
S is a subalgebra, then V' is also an S-module.

Suppose G, H are finite groups and (V, p) is a representation of G, and (W, o) a representation
of H. Then the space Homg (V, W) is a G x H representation as follows. Given (g,h) € G x H,T €
Hompg (V, W), we want

v L. w

p(g)J( J{U(h)

v (9,h)-T w

to commute. So we define (g, h)-T = a(h)oT op(g)~'. This gives a group homomorphism G x H —
GL(Hompg (V,W)).

There is another G x H representation that we can form from V, W. This is the external tensor
product denoted by V' X W which is the vector space V @ x W with group action

pXRo: Gx H— GL(VQW)
(9,h) = p(g) @ o(h)

More generally, if R, S are K-algebras, and V is an R-module, and W an S-module, then we can
similarly form V X W which is an R ® ¢ S module. In the case of group representations, we have



K[Gl®k K[H]| = K[Gx HJ, so the external tensor product becomes a G x H representation. However,
unlike group representations, it is not always possible to make Homg (V, W) an R @ S-module.

The reason it is called an external tensor product is the obvious fact that there is an internal
tensor product. If V, W were representations of G, then V' ® W is also a representation of G, given
by g — p(g) ® o(g). Observe that this representation is the restriction of the G x G representation
VR W to the diagonal subgroup G < G x G.

The K-vector space K is a representation of the trivial group 1. Given a G representation (V] p),
we can make V* = Homg (V, K) a G x 1 = G representation.

Theorem 2. For finite dimensional K -vector spaces V,W, we have V=2 V* and Homg (V,W) =
V*Rx W as K-vector spaces.

Proof. Fix a basis {e1,...,e,} of V. We have the corresponding dual basis { f1, ..., fn} of V* defined
by

fii VK
n
Z a;e; = a;
j=1
Note that because {ei,...,e,} is a basis, f1,..., f, are well defined linear functionals on V. Given

any f € V* if we set a; = f(e;) € K, then it is easy to see that f,a1f1 + ...anf, agree on
{e1,...,en}, and hence on V by linearity. It is easy to see that the set {f1,..., fn} is linearly
independent in V* and therefore form a basis of V*. Therefore e; — f; is an isomorphism.

We have the K-bilinear map

V* x W — Homg (V, W)
(fsw) = {v = flv)w}

which induces a vector space homomorphism

T : V*®@W — Homg (V, W)
few={v= flu)w}

Now, fix a basis {e1,...,e,} of V, and let f; = e be the dual of ¢;. Define
Ty: Homg (VW) -V @ W

i=1

It is clear that T is a K-vector space homomorphism. Now, Tj o T5(T)(e;) = Th(Y iy fi ®
T(ei))(ej) = T(e;), and therefore, Ty o Ty = Idpom, (v,w)- Now, given f @ w € V* @ W, writ-

ing f=ayf1+-+ayfn, we can rewrite f = f1 Qwy +... f ®w, for some wy,...,w,. This means
that each f ®w is of the form T5(T') for some T (in this case T': e; — w;), so Ty is surjective. Thus,
Ty 0Ty = Idy~gw. Hence, T1 is an isomorphism with inverse T5. O]

Remark. In the proof above, we did not require W to be finite dimensional. Moreover, we can
define a dual set even when V is not finite dimensional, and the resulting set is going to be linearly
independent. The definition of T} doesn’t require V or W to be finite dimensional.

Theorem 3. The isomorphisms T, Ty above are G x H linear.

Proof. For a vector v, group element g, denote by g-v the action of g on v. We just need to show
that T, T» are K[G x H] linear, in particular it suffices to show linearity for (g,h) € G x H. Fix
(9,h) e Gx H, for any z € V

Ti((g.h) f @ w)(@) = Ta(g f @ h-w)(z) = (- f)(@)h-w = fg™" - 2)h-w



and
(9. 0).Ti(f @w)(z)=hTi(f @w)(g " z) =h (flg " 2)w) = flg~" z)h-w.

Therefore, T7 is G x H-linear. Since T5 is the inverse of 77, it is bijective, and it follows that T3 is
also G x H-linear because T} is. Therefore, V* X W = Homg (V, W) as G x H representations. [

4 Complete reducibility

In this section we will be dealing with generic modules over generic rings. Given a ring R, the
additive group of R is an R-module with the homomorphism

R — End(R)
re—{z—rz}

This module is called the (left) regular module grR. The submodules of grR are the left ideals of
R. Multiplication on the right is not going to give us a ring homomorphism because of the way
composition is defined in End(R). However, if we reverse the order of multiplication on the left R,
then we have a new ring called the opposite ring, and the right ideals of R are submodules of the
right regular module Rpg.

If an R module V is not simple, then we would like to decompose it into a direct sum of
submodules. Ideally, given a submodule W of V, we would like a submodule W’ such that V =
W @ W'. Such a W’ is called an invariant complement of W.

Lemma 2. Let V be an R-module with W a submodule. If every submodule of V' has an invariant
complement, then every submodule of W has an invariant complement in W, and every submodule
of V/W has an invariant complement in V/W.

Proof. Suppose V=W @& W', and U is a submodule of W. Then U is a submodule of V, and there
is a U’ such that V = U @& U’. Look at U'NW. This is a submodule in W, and it is easy to see that
W=Ua& U nW).

Suppose U is a submodule of V/W, then U= U/W for some submodule W C U C V. There is
a submodule U’ such that V = U @ U’. Look at (U’ + W)/W which is a submodule of V/W, and
we have V/W =U/W @ (U + W)/W. O

Lemma 3. (Krull’s theorem) Suppose V is a finitely generated R-module, then V' has a mazimal
submodule, i.e. a submodule W C'V such that if W C V' CV, then either v/ =W or V' =V.

Proof. Let S be the collection of all proper submodules of V' partially ordered by inclusion. Suppose
C is a chain in S, then take W = UyccU. It is clear that W is a submodule of V.

Now, assume V is generated by some ey,...,e, € V. If W = V| then e1,...,e, € W. This
means that there are Uy,...,U, € C such that e; € U;,1 < i < n. Because C is a chain, one of the
U;, say U,, is largest, and therefore contains each e;. Therefore, U, = V which is a contradiction
as U, € §. Therefore, W € S is an upper bound for C. By Zorn’s lemma, S has a maximal element
which is a maximal submodule of V. [

Remark. The proof can be adjusted so that the maximal submodule contains a fixed submodule
Vi. Moreover, the exact same proof works for rings with 1, where submodules are left /right ideals.

Lemma 4. An R-module V is completely reducible if and only if every invariant submodule has an
mvariant complement.

Proof. Suppose V is completely reducible, say V = @;c;V; where [ is some indexing set, and V;
are simple. Let W be a submodule of V. Let S be the collection of submodules U of V' such that
UNW = {0}. Since S contains the zero ideal, it is non empty. Partially order S by inclusion, then
given an chain C in &, then union of elements of C is a submodule of V' and has trivial intersection
with W and therefore an upper bound of C. By Zorn’s lemma, & has a maximal element, say U.



Suppose U + W # V| then for some i € I, we must have V; # V; N (U + W). Since V; is simple,
Vin(U+ W) ={0}. Then (V; + U)NW = {0} because any element of V; + U is of the form v + u,
for v € V;,u € U. This contradicts the maximality of U because V; + U € S, and V; € U because
V:N (U + W) = {0}. Therefore, U @ W =V, and U is the invariant complement of W.

Conversely, suppose every submodule of V' has an invariant complement. First we establish that
V' has at least one simple submodule. Take a non zero v € V and look at the submodule Rv. This
is a finitely generated submodule, so by Krull’s theorem it has a maximal proper submodule, say
W C Rv. Now, W has an invariant complement W’ # 0 in Rv, so Rv = W& W’. By maximality, W’
is a simple submodule in Rv, hence in V. The same argument shows that every non zero submodule
of V contains a simple submodule.

Let S be the collection of all simple submodules. Set Wy = > ;.. W C V. If this is a proper
submodule, then it has an invariant complement Ws. Let 0 # W3 C W5 be a simple submodule,
then W3 € S and 0 # W3 = W3 N W; C Wy N Wy which is a contradiction. Therefore, W; =V is a
sum of simple submodules. It follows that V' is completely reducible. O

Corollary. Suppose V is completely reducible, then submodules and quotients of V are also com-
pletely reducible.

Lemma 5. Suppose the left reqular module g R of a unital ring R is completely reducible, then every
R-module is completely reducible.

Proof. Since rR is completely reducible, so is every direct sum @;c;rR = rRY) (with indexing set
I x J where J is the indexing set for gR). Let V be an R-module and pick any v € V. Then the
map rR — V sending r — rv is an R-module homomorphism. Going through each v € V, we get
an R-module homomorphism zrR(Y) — V. Because R has a unity, this map is surjective. So, V is a
quotient of a completely reducible R module pR(Y), hence V is completely reducible. O

Remark. So the notion of gR being completely reducible and R being a semisimple ring are
equivalent when R has a unity.

5 Maschke’s theorem

Let K be a field and G a finite group. Suppose (V, p) is a K[G]-module and W a submodule. Given
any representation of G, we would like to decompose it into simple representations. Maschke’s
theorem tells us when a representation of G is completely reducible.

The idea is that we find an invariant complement for W. If we can do that, then it follows that
V' is completely reducible. Given any K-subspace W, we have the map my : V — V projecting V'
onto W. It satisfies 7%, = my and is a diagonalisable operator. Let U be a complement of W in V/,
so that V =W @ U. Let my be the corresponding projection map. Note that my + 7y = I. With
the shorthand gv = p(g)(v) for g € G,v € V, we have the following.

Lemma 6. myy, 7y are G-linear if and only if W, U are G-invariant.

Proof. Because I is G-linear, it suffices to check that my or 7y is G-linear. Given any v € V, it can
be written uniquely as v = vy + vy where vy € Wyvy € U. For g € G, gv = guw + guy. If both
W,U are G-invariant, then guy € W, gvy € U, and mw(gv) = gvw = gmw (v), so my and 7wy are
G-linear. If my is G-linear, then

guy = T (gv) = Tw(guy) = 0= guy € U
so U is G-invariant. Similarly W is G invariant. O

Suppose W is G-invariant. It is not guaranteed that my, is G-linear. For it to be G-linear, we
need p(g) omw = mw o p(g) Vg € G. In other words, my should be a fixed point of the conjugation



by elements p(g) € Endg(V),g € G. In order to maintain that, we average the conjugates of my,
over (G, i.e. we look at

‘71” > plg)omw op(g) "

geG

However, we will need |G| # 0 in K for this to make any sense.
Theorem 4. When char(K) t |G|, every G-representation V is completely reducible.

Proof. Let W be a G-invariant subspace of V' and 7y, be the correponding projection map. Let U
be the complement subspace of W in V. Consider

1 .
T=—Y plgmwplg): V=V
Gl 22

Because char(K) 1 |G|, T is well-defined.
Given v € V, g € G we have myp(g~1)v € W, so p(g)mwp(g~')v € W = Tv € W. Furthermore,
for any w € W,

p(g) omw o plg™w = p(g)plg™ Hw = w = Tw = w.
Next, given v € V, h € G, we have
GlThe = 3 g™ (h)

geqG

=Y b g)mw (hg)
geG

~ 1Y gmwg o
geG

Therefore, T'(hv) = h(Tv) and T is G-linear.
Lastly, we show that T2 = T, so that T is a projection map. Keep in mind that 7y o T =T
because the image of T lies in W.

1 _ _
T2:@Zgﬁwg 1(Zh7fwh D)
g h
1 _ g1 -
:@Zgﬂw(Z(g Yhymw (g~ h) g™
g h
1 _
:WZgOWWo(|G|'T)og !
g
1 _
:@ZQOTOQ !
g
p— 1 p—
—@%:T—T

In the last line we used the fact that T is G-linear. So, T2 = T which gives (I —T)%? = (I — T). We
have W =T(V), set U = (I —T)(V). Now, if Te = (I — T)y for some x,y € V, then

Te=T*t=T(I-T)y=(T—-T)y=0.

Furthermore, every v € V can be written as v = Tv + (I — T)v. Therefore, W N U = {0} and
V =W @ U. Lastly, for any g € G, we have g(I — T)x = (I — T)gx, so U is G-invariant. It follows
that V is completely reducible. O



We can extend the theorem by taking any unital ring R in place of K and consider the group
ring R[G] and its modules. We need R to contain a unity, so we can talk about |G| € R. Moreover
|G| - 1 must be a unit in R, so we can invert it. If we can find a substitute for my,, then the proof
above holds without any changes. To obtain 7y would mean that W is a direct summand of V.
Since W is arbitrary (not entirely as it is G-invariant, but we suppose it can be arbitrary), this is
equivalent to V being semisimple. Since V is arbitrary, this means that R should be semisimple.

The converse of the theorem is also true. Suppose R[G] is semisimple for a ring R. There is the
augmentation map e: R[G] — R that sends every element to the sum of coordinates, i.e. is identity
on R and €(G) = 1. This homomorphism allows us to extend any R-module M to an R[G]-module.
Semisimplicity of M as an R[G]-module is the same as that as an R-module because the action of
G is trivial.

It is also true that if R[G] is semisimple, then |G| -1 is a unit in R. For now, we prove that
|G|-1 # 0 using a contradiction. Consider the left regular module g R[G]. This has the G-invariant
submodule R[Glo = {>_ c¢ ag9>_ay = 0}. If it has an invariant complement U, pick v € U non
zero. Then w =) . gv € U, but the coefficients of w are all equal.

Because v ¢ R|G|o, it is easy to see that w # 0 and because |G| -1 = 0,w € R[G]o. This is
a contradiction and therefore, R[G]o does not have an invariant complement. This means that the
ring R[G] is not semisimple.

Theorem 5. Maschke’s theorem is not true for infinite groups.

Proof. Let R be a ring with unity and G be an infinite group. Let e: R[G] — R be the augmentation
map defined above. Observe that this map is G-invariant, i.e. e(gz) = e(x)Vg € G, 2 € R[G]. So,
the kernel V' = Ker(e) is a submodule of R[G]. If R[G] is semisimple, then there is a submodule W
such that R[G] =V & W.

Suppose 0 # x = deG agg € W where all but finitely many a4 are zero. Since W is a submodule,
for any g € G, we have gr = = as otherwise, z — gz € W NV and x — gz # 0. Since gx permutes the
coefficients, it follows that all a4 are equal and non zero, which is impossible as only finitely many
coefficients are non zero. Therefore, V has no invariant complement and R[G] is not semisimple. [

6 Schur’s lemma and applications

Lemma 7. (Schur’s lemma) Suppose M, N are simple R-modules, and ¢: M — N is an R-module
homomorphism, then either ¢ = 0, or ¢ is an isomorphism. In particular Endg(M) is a division
Ting.

Proof. Since ¢ is a module homomorphism, it is clear that Im(¢), Ker(¢) are R submodules of
N, M respectively. From here, it follows that either ¢ is a bijection, or the zero map, i.e. ¢ is an
isomorphism or the zero map. In particular if ¢ € Endr (M) is non zero, it has an inverse. It follows
that Endg(M) is a division ring. O

Corollary. Suppose K 1is algebraically closed, R a unital K-algebra. Suppose M is a simple R-
module that is finite dimensional over K, and ¢: M — M is an R-module homomorphism, then
¢ = A for some X\ € K. Therefore, the division ring Endg(M) is K.

Proof. M is a finite dimensional K vector space, and ¢ is K-linear. So, we can talk about the matrix
of ¢ and its eigenvalues. Since K is algebraically closed, ¢ has some eigenvalue, say A € K. There
is a nonzero m € M such that ¢(m) = Am (here A is as seen in R, i.e. the image of A in R.) Now,
¢ — Al is also an R-linear map (it is R-linear because K lands in the centre of R), and has non zero
kernel. Therefore, by the lemma, it must be an R-isomorphism, which means that ¢ = AI. O

Corollary. Suppose the left regular R module of a ring R with unity is completely reducible, then
every simple R module is ismorphic to a submodule of rR, i.e. left ideals of R.



Proof. Let M be a simple R module and m € M, m # 0. Write pR = @®;c;R; as a direct sum of
simple R-modules R; for some indexing set I. We have the map

¢m: rRR— M

= Trm

Because R has a unity, ¢,, is a non zero R-module homomorphism. For each ¢ € I, we have the

composition of R-module homomorphisms R; — grR Pmy M. Since ¢y, # 0, not all these maps are
0. Suppose R; — M is non zero, then by the lemma above, this map is going to be an isomorphism.
Therefore, M = R; is isomorphic to a submodule of R. O

Remark. Therefore, a semisimple ring is a Kasch ring. A left(right) Kasch ring is a ring R
such that every simple left(right) R-module is isomorphic to a left(right) ideal of R (which is then
necessarily minimal).

Remark. If R is a finite dimensional K-algebra, then every simple module is a K-vector space
isomorphic to a subspace of R, therefore finite dimensional over K.

Lemma 8. Suppose {V; }icr is a collection of not necessarily distinct R-modules and M = @®;¢1V; Let
N be any R-module and for each i € I, define D; = Homg(V;,N). Then Hompr(M,N) = [[..; D:
as Z(R)-modules.

i€l
Proof. Take any ¢ € Hompg(M, N). Then for each ¢ € I, we have the R-module homomorphism
Ti(¢): Vi = M % N € Hompg(V;, N).
This association is a decomposition of ¢ and gives a map
T: Homp(M,N) — [ Ds
¢ = (Ti(0))ier

Observe that for any fixed ¢ € I, we have T;(¢1 + ¢2) = Ti(¢1) + Ti(¢2) for every ¢1,¢o €
Homp(M, N). Furthermore, given r € Z(R), T;(r¢) = rT;(¢), therefore T is a Z(R)-linear map.

The inverse of T is given as follows. Start with (7;) € [[ D;. Now, every element of M is a
unique finite sum of elements from V;. Suppose v = v;, +---+v;, € M for 41,...,i; € I, then define

¢(U) = Ti1 (vil) +ee ,le (Uik)'
¢ is well-defined and an R-module homomorphism. Thus, we have a map

7': T[ Di = Homp(M, N)

(T;) — ¢
It is clear that 7" is also Z(R)-linear. Lastly, it is easy to see that T,T" are inverses of each other.
Therefore, Homp (M, N) = [[,c; Di as Z(R)-modules. O

Next, suppose V is a simple R-module and I is some indexing set. We know that Endz (V) is a
division ring and a Z(R)-algebra.
Lemma 9. Homg(V,V) 2= Endp(V)D) as Z(R)-modules.
Proof. For convenience, write the ith copy of V in V() as Vi, so that v = DierV(i). Given

¢ € Homg(V, V), we have for each i € I, the map T;: V LN VAN Viiy € Endg(V). Since V
is simple, T; is either 0 or an isomorphism. Take any non zero v € V, then ¢(v) = v;; + -+ + v,
for some i1, ...,4, € I. This means that T; = 0 for ¢ # iy,...,i; as v € Ker(T;). Therefore, only
finitely many T; are non zero. Thus, we have the map
T: Homg(V, VW) = Endg (V)P
¢ (Ti)ier
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As before, T is a Z(R)-module homomorphism. We construct the inverse as follows. Given (T;) €
Endg (V)W) take T'((T;))(v) = 3;c; Ti(v). Since T;(v) € V{;) and all but finitely many of them are
zero, T'((T;)) is indeed a homomorphism V — V().

It is clear that T” is Z(R)-linear and T', 7" are inverses of each other. Therefore, as Z(R)-modules,
Hompz(V, V) =2 Endg(V)) is a direct sum of division rings. O

Suppose {V;}ier is a collection of non-isomorphic simple R-modules and M = @;¢ IVi(mi), N =
@ieIVi("i) where m;, n; are some possibly empty indexing set. Set D; = Endg(V;),: € I.

Given ¢ € Hompg(V;, N), the only non zero projections are those that land in V;. So, ¢ corre-
sponds to a map V; — Vi(m). The inverse map is obvious. Therefore,

Homp(V;, N) = Homp(V;, V,") = D).
Combining the results above, we have (as Z(R)-modules)

Homp(M, N) = [ [ Homp(V;""), N) = [ ] Homa(Vi, N)™ = T (D{")m™
iel icl iel
When M = N, we have a similar result. First observe that as Z(R)-algebras, Hom R(Vi(mi), M) =
End R(Vi(mi)). Because restriction to Vi(mi) is a ring homomorphism as well, we have

Endg(M) = [ Endr(v,"").
el

When the n;, m; are finite indexing sets, then (Dz(ni))"” = D™ is the space of n; x m; ma-
trices over D; and Hompg(M, N) is a product of matrix rings. And as Z(R)-algebras, Endg(M) =

2
[Tics D

Theorem 6. Let R be a ring, V' a simple module and D = Endg(V'). Then V"™ 2 V™ as R-modules
if and only if m = n, where m,n are positive integers.

Proof. Without loss of generality, suppose n > m and suppose ¢: V" — V™ is an R-module
homomorphism. Write V" = V(1) @ -+ @ V(,,), V" = (’1) SRRy V(’m) where all the V{;, V(']) are V.
Then ¢ induces

Then, ¢ can be thought of as being described by the matrix M = (fij)i<i<m,1<j<n and m x n
matrix. Similarly, if v = (v1,...,v,) € V, then we have

f11 f12 fln U1
f21 f22 f2n V2
p(v) = | . . . .

fml fm2 e fmn Un

Now, V™ V™ are left D-modules, and ¢ = M : V™ — V™ is R-linear. There is no reason for ¢ to
be D-linear. However, we can still apply Gaussian elimination to M. These are the row operations
in linear algebra over fields. We are going to modify the rows in a reversible way. Reducing M to
echelon form is the same as writing ¢ = Ty o--- 0Ty 0ot where ¥: V" — V™ is in echelon form and

Ty, ...,Ty are automorphisms of V™ corresponding to the reverse row operations.
In the echelon form, if n > m, then it is easy to demonstrate a non empty kernel. Therefore, for
an isomorphism between V™ V™ we must have m = n. The converse is obvious. O

The proof above shows that for finite n, Endg (V™) = M, (Endg(V)) as Z(R)-algebras. So, when
M = @ieIY/'i(mi) as above, and the m; are finite indexing sets, we have Endr(M) = [],c; M, (D;)
as Z(R)-algebras, in particular as rings.

11



Corollary. If M is a semisimple R-module with a finite direct sum decomposition, then the decom-
position is unique.

Proof. Suppose M can be written as V"' @---@V,"* = W' @. . -@W;™" where the n;, m; are positive
integers. The isomorphism between them gives a non zero map from each V; to Wi™ @ --- @ W,""*,
therefore, each V; must appear as a summand in the second decomposition. Similarly, each W; must
be a summand in the first decomposition. Therefore, we have M = V"' @---@V"* = V"' @...@V,"*.
Now we need to show that the multiplicities are the same.

The isomorphism between the two decompositions gives an isomorphism between V;"*, V;"™" there-
fore, n; = m;. Thus, the multiplicities are same and the decomposition is unique. O

Remark. This shows that there is at most one way to write M as a finite direct sum of simple
modules, there may, however, be a way to write it as an infinite sum as well as a finite sum.

Corollary. Let R be any semisimple ring, V;,i € I be a collection of distinct simple modules and
suppose M = @;c1V;. Then submodules of M are of the form @;c;V; in the canonical way for some
JCI.

Proof. Let N be a submodule of M, then it decomposes (because R is semisimple) into a sum of
simple R-modules. However, because N C M, these simple submodules must come from V;.
Suppose N = V; for some ¢, then the claim is that N is the ¢th summand, in other words, as
a set there is only one way to include V; in M. This is because if we take any ¢ € Hompg(V;, M),
then the coordinates are all zero except for the ith one. Therefore, ¢ must be an automorphism of
V; followed by the canonical embedding of V; in M by padding with zeros. Therefore, as a set there
is only one way to obtain V; from M, hence every submodule of M must be of the form stated. [

A note on multiplicities. Suppose R is a K-algebra, where K is an algebraically closed field and
M=V"&..-& V"™ is an R-module with finite direct sum decomposition. Then, Homg(V;, M) =
Endg(V)™ as Z(R)-algebras, in particular as K-vector spaces. Since R is a K-algebra, Endg(V) =
K, therefore, m; = dimgHompg(V;, M). More generally if M = V™, N = V", then

Homp(M,N) = @K™" and dimgHomg(M,N) = Zmini.

One way to force M to have a finite direct sum decomposition is to assume that M is finitely
generated as an R-module as we see in the next section.

7 Artin-Wedderburn Theory

Let R be aring, M a finitely generated left R-module. We know that M contains maximal submod-
ules.

Definition. The Jacobson radical J(M) of M is defined to be the intersection of all mazimal sub-
modules of M.

Theorem 7. M is semisimple if and only if M is Artinian and J(M) = 0.

Proof. Suppose M is semisimple and M = @ycp M), for some simple modules M), indexing set A.

Suppose M is generated by some eq,...,e,. Each e; uses finitely many A\ € A, say
e =M1 + - 4 Myn,, Mk € My, Aik € A
Together, we have ey, ..., e, € @anite Mx. By unique representation of elements of M as sums

of terms from the M;, it follows that M = @gnie My, say M = M, & D M,,. Then each M; is
Artinian as it is simple, therefore M is Artinian. Set N; =M, ®---dM; ®--- H M,,.

Suppose N is a submodule such that N; € N C M. Now, the submodule M; N N is either 0
or M;. In the first case, every term of N has ith coordinate 0, and therefore, N = N;. In the
second case, there is some element of N with ith coordinate non zero. Since N; C N, it follows
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that M; C N, and therefore, N = M. Thus, N; is a maximal submodule of M. Consequently,
J(M)Cni, N; =0.

Conversely, suppose M is Artinian and has trivial Jacobson radical. First we show that M
contains simple submodules. Set M; = M. If M, is not simple, then there is a non zero submodule
My 11 € M,. This way we obtain a strictly decreasing chain of submodules M; 2 My 2 ... which
contradicts DCC. Therefore, if the chain should stabilise, it has to be finite and hence some M, is a
simple submodule. The same proof shows that every submodule of M contains a simple submodule.

Next, we show that every simple submodule is a direct summand of M, i.e. if M; is a simple
submodule, then there is a submodule Ms such that M = M; ® Ms.

Let M; be a non zero simple submodule, 0 # =z € M;. Since J(M) = 0, there is a maximal
submodule My (may be 0) such that = ¢ Ms. Since M; is simple and x ¢ Mj, it follows that
M; N Ms = 0. Next, by maximality of Ms we must have My, + My = M. Therefore, M is a
complement of M; in M.

Finally, we show that M is a direct sum of simple submodules. Take a simple module M,
and obtain an Nj such that M; & Ny = M. If N; is not simple, obtain a simple submodule
Ms. Now, M; has an invariant complement M} in M which means that Ny = My & M, N N.
Therefore, My has an invariant complement Ny in N;. Continuing this way, obtain a descending
chain N7 D# Ns 2 .... By DCC, this chain must terminate, which means that some N}, is simple.
Therefore, M = My & --- B My, & N}, is semisimple. O]

Definition. A finitely generated R-module M is called J-semisimple (or semiprimitive) if J(M) = 0.

We know apply the results above to the left regular module of a ring R. The simple submodules
are going to be minimal left ideals. Given a left ideal I in a ring R, the square I? is the ideal
{2 fnite @ibilai, bi € I} C 1.

Theorem 8. (Brauer’s lemma) Suppose R is a ring and I is a minimal left ideal, then either I? = 0
or I = (e) for some idempotent e. In other words, minimal left ideals are generated by idempotents.
In the second case, eRe is a division ring.

Proof. We know that I? C I, so either 12 = 0 or I? = I. Suppose I? = I, then there is some = € T
such that Tz # 0, i.e. the (left) annihilator Ann(xz) NI = 0. By minimality, 72 = I, and there is
some e € I, such that ex = x. We then have

e*r = er = (e — e)r = 0.

Because Ann(z) NI = 0, we must have e> = e. Lastly, we know that e # 0, and (¢) C I. By
minimality, I = (e). Observe that e = I, so Ann(e) NI = 0.

Now, suppose I = {e) is a minimal left ideal, with e? = e. We look at the division ring Endg(1).
If ¢ € Endg(I), then ¢(e) = ae for some a € R. Moreover, ¢(xe) = xp(e) = zaeVa € R. In
particular, we have eae = ae. Conversely, suppose a € R is such that eae = ae. Consider the map

bo: I — 1T

e — zae
To show that ¢, is well defined, observe that if re = se, then (r — s)e = 0. Now,
rae — sae = (r — s)ae = (r — s)eae = 0,

therefore, ¢q(re) = ¢q(se). It is clear that ¢, is an R-module isomorphism when ae # 0. If a
itself is of the form ebe for some b € R, then by the idempotence of e, it is clear that ae = eae. In
eRe, the element e = e? functions as 1. This suggests that Endg(I) = eRe as rings. However, the
map above is not directly a ring homomorphism, we need to take the opposite ring. Write - for the
multiplication in Endg(I)P.

Thus we have maps

®: Endr(l)? — eRe U: eRe — Endgr(I)?
¢ — P(e) eae — {xe — reae} = Pege
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These maps are clearly additive and send identity to identity. We need to check that they are
multiplicative. Given ¢1, ¢2 € Endg(I), say ¢1(e) = ae = eae, ¢2(e) = be = ebe, then

(1 - ¢2) = P(P2 0 d1) = Pa(¢1(e)) = abe = (eae)(ebe).
Next, given eae, ebe € eRe, we have (eae)(ebe) = eabe, so
U(eabe)(e) = abe = U(ebe)(V(eae)(e)) = (V(eae) - U(ebe))(e).

In fact, it is easy to see that ®, ¥ are Z(R)-linear as well. It is clear that ®, ¥ are inverses of each
other. Therefore, Endg(I)°? & eRe as Z(R)-algebras, in particular as rings. The opposite ring
Endg(I)°? is still a division ring, therefore eRe is a division ring.

Alternatively, we can prove the same directly as follows. Take 0 # a = ebe € eRe (note that
every element is of this form). Because ea = a € I is non zero, Ra = I, so 3= € R such that za = e.
Then,

e = za = xebe = (xe)(ebe).

Multiplying by e gives e = (exe)(ebe), therefore a has a left inverse in eRe. Now exe has a left
inverse in eRe and it is easy to see that its left inverse must be a, therefore exe is the right inverse
of a. Therefore, eRe is a division ring. O

Lemma 10. Suppose I, 1> are (minimal) left ideals generated by idemopotents, say Iy = {e1), Is =
(e2), then Homp (I, Is) = e; Res as Z(R)-modules.

Proof. Take ¢ € Hompg([1,1I2), then ¢(e;) = aes for some a € R. For any € R, we have
d(xze1) = x¢d(e1) = xaes. In particular e;aes = aeq. Conversely, if a € R is such that ejaes = aeq,
then define

Go: I — I
Trey — raeg
As before we see that ¢, is well-defined for ze; = 0 = xaes = zejaes = 0. Clearly, ¢, €
Hompg(I1, I2). Now, define
d: HOHlR(Il,IQ) — €1R62 v 61R62 — HomR(Il,IQ)
@ — d(eq) eraes — {xey — xejaes}t = deyaes

Again @, ¥ are Z(R)-linear and inverses of each other. Therefore, Hompg(I1, I5) & e; Res as Z(R)-
modules. Observe that we did not need Iy, Is to be minimal. O

Now assume R is a semisimple ring with unity. Then grR is finitely generated and can be
decomposed as R = V1 ® - -- @V}, where the V; are simple submodules. Write 1 = €1 + - - - + € where
€; € V;. Multiplying by ¢; on the left, it is easy to see that €2 = ¢; and e;e; = 0. Therefore, the
V; are minimal left ideals generated by idempotents. Of course, each ¢; is non zero because every
r € R can be written as x = ze; + -+ - + Tey.

Lemma 11. Upto isomorphism R (as above) has finitely many minimal left ideals that are generated
by idempotents.

Proof. Suppose I = (e) is a minimal ideal generated by idempotent e, then e = eey +- - - + e€j. Now,
at least one ee; # 0, which means that eRe; # 0. Therefore, by Schur’s lemma, I = V. O

7.1 Opposite rings and Wedderburn decomposition

Let R be a ring. The opposite ring R°P is a ring with underlying additive group same as R, and
multiplication r - s = sr for r,s € R°P. It is easy to see that R°P defined this way is an associative
ring. Observe that when A, B are rings, then (A @ B)°? = A°? @ B°P. In terms of category theory,
this is a covariant functor on the category of rings. We make a few observations.
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e For any ring R, we have (R°P)°? = R (technically, they are not the same objects).
e For two rings R, S, R = S if and only if R°P = S°P.
o Z(R°P) = Z(R), so R°? is a Z(R)-algebra with the usual multiplication.
e A subset I of R is a left ideal of R if and only if it is a right ideal of R°P.
e If R is a division ring, then so is R°P.
Lemma 12. Let R be a ring with unity, then R°P = Endr(rR) as Z(R)-algebras.

Proof. First consider for r € R, the right multiplication map

my: rRR — rR
T = xr
Clearly, m, € Endgr(gR). Conversely, given any ¢ € Endr(gR), we see that ¢ = mg).
Therefore, we have maps

d: RP — EHdR(RR) v EndR(RR) — R°P
T, ¢ o(1)

It is easy to see that both ®, ¥ are Z(R)-algebra homomorphisms and inverses of each other. [

Now, take R to be a semisimple ring with unity. Then we have the decomposition pR =
Vit @ --- @ V"™ of gR into simple submodules where V;, V; are non isomorphic for i # j. Set
D; = Endg(V;). Then as Z(R)-algebras,

k
R = Endg(gR) = [[ Ma,(Ds) = @}_, M, (D;).

i=1
Lemma 13. For a division ring D,n > 0, M, (D) = M, (D°P).

Proof. Look at the transpose map A — AT, A € M,,(D)°P. It is easy to see that this is a bijective
linear map. We need to check that it is multiplicative. Let A = (a;;), B = (b;;). Then on the left
side,

(A-B)ij = (BA)y = Y _ birar;
k=1

and on the right side,
(ATBT)i; = aki-bjk = > bjraii.
k=1 k=1

It follows that (A - B)T = AT BT. Therefore, M, (D)°" = M, (D°") as rings. O

When D is a Z(R)-algebra as above, then so is M, (D), and the isomorphism above is a Z(R)-
algebra isomorphism. In fact, the elements of Z(R) are the diagonal matrices. Therefore, as Z(R)-
algebras, in particular as rings R = &% | M,,, (D{?). Thus, a semisimple ring with unity is isomorphic
to a product of matrix algebras over division rings.
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7.2 Uniqueness

Theorem 9. Let D be a division ring, n > 0, then R = M, (D) is a semisimple ring with decompo-
sition pR = @7 D".

Proof. Step 1:

Each element of R is a transformation D™ — D". Therefore, D™ is an R-module. Furthermore,
given any 0 # z = (z1,...,2,),y = (Y1,-..,Yn) € D", there is a transformation M € M, (D) such
that Mz = y. For example, suppose x; # 0, then

ylxl_l 0 ... 0 T Y1
ygxfl 0 ... Of |22 Y2
ynxl_l 0 ... 0| |zn Un,
Therefore, D" is a simple R-module.
Step 2:
Given a matrix M € M, (D), write the columns of M as C,...,C,, so that M = [Cl . C’n].

Consider the map

¢: M, (D) - @& ,D"
Ml—)(Cl,...,Cn)

Obviously, ¢ is a bijective additive map. It is also easy to see that ¢ is an R-linear map because the
multiplication on the left by a matrix is essentially column-wise. Therefore, as R-modules, M, (D) =
@I, D™. Therefore, R = M,(D) is a semisimple ring with unity. Moreover, this decomposition into
simple modules is unique.

Step 3:

The claim is that Endg(D"™) = D°P. Suppose ¢ € Endr(D™), then given any (vq,...,v,) € D,

observe that

U1 (% 1
(%] Vo 1
Un, vnl| |1

So, ¢ depends only on the value at (1,...,1) by R-linearity. Write e; to be the vector with 1
in the i¢th coordinate. Now in M, (D), let E;; be the matrix with 1 in the (i, j)th position and
zeros elsewhere. Then, we see that Fyie; = ej, therefore, ¢(e;) = E11¢(e1) which means that
o(e1) = (r,0,...,0) for some r € D. Using permutation matrices and R-linearity, it follows that
¢(e;) = re;. Then, ¢(vy,...,v,) = (v17,...,v,r) is multiplication by r from the right.

Conversely, if » € D, then we construct the map m,.: v — vr,v € D™. This map is M, (D)-linear
for the multiplication is from the right. Consider

®: Endr(D™) — DP U: D — Endgr(D")
o r—{v—=or}=m,

It is clear that ®, ¥ are additive. Now, for ¢1,¢s € Endg(D"), say ¢1(e1) = (1,0,...,0),d2(e1) =
(s,0,...,0), then ¢10¢a(e1) = (sr,0,...,0). Therefore, ®(¢10¢s) = sr = (¢1) - P(p2). Conversely,
given r,s € D, it is clear that U(r - s) = ¥(r) o ¥(s). Therefore, &, ¥ are ring homomorphisms
and are inverses of each other. We next show that Z(M, (D)) = Z(D) (as scalar matrices), but
assuming that for now, it is clear that ®, ¥ are in fact Z(R)-linear. Therefore, Endg(D™) & DP as
Z(R) = Z(D)-algebras, in particular as rings. O

So, M, (D) is decomposed into @}, D™ where D" is a simple module. From this decomposition,
we obtain a decomposition of R = M, (D) as a product of matrix algebras over division rings.
Because Endg(D™) = D°P and D™ has multiplicity n, we get back R = M, (D).
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Lemma 14. For any unital ring R, Z(M,(R)) = Z(R).

Proof. Let E;j be the matrix with 1 in the (7, j)th entry and zeros elsewhere. Let M = (m;;) €
Z(M,(R)), then

0 0 0
0 ma; 0
: : : oy 0
EyM = |mjyi miy ... My, | ME; = .
: : : 0 Mg 0
0 0o ... 0

Therefore, off-diagonal elements of M are zero. Next, we have for 1 < k < n,
E1e M = mgpErg, M Evg = may Erg.

Therefore, M is a scalar matrix. Using other scalar matrices, it is easy to see that the diagonal
entries of M must come from Z(R). Therefore, M = rI where I is the identity matrix, r € Z(R).
Conversely, it is obvious that rI € Z(M,(R)) for r € Z(R). It is easy to see that M — mq; is a
ring isomorphism Z (M, (R)) = Z(R). O

Theorem 10. The Artin-Wedderburn decomposition is unique, i.e. if R is a ring with untiy de-
composed as R = [[;—, M,,(D;) (at the level of rings) where D; are division rings, then the D;,n;
are uniquely determined by R (upto permutation).

Proof. First, because M, (D) is a semisimple ring for any division ring D, R is a semisimple ring.
Therefore, there is a unique decomposition of zpR into simple left modules.

For each 4, D} is a simple M, (D;)-module. Using the projection 7;: R — M,,,(D;), D}"" a simple
R module. Just as before, we get the decomposition rR = ¢}, @?;1 D7. Furthermore, because the
R-module structure on D] is throught M,,(D;), we have Endg(D]'") = D;*. Therefore, the matrix
algebra decomposition of R through the decomposition of gR is the same as @ ; M, (D;). O

Essentially, we showed that every matrix decomposition of R comes from a decomposition of g R
which is unique. Therefore, the decomposition of a semisimple ring R with unity into a product of
matrix rings is unique. The division rings are endomorphism rings of simple R modules and the n;s
are the multiplicities.

7.3 Burnside’s theorem

Let K-be an algebraically closed field, R a semisimple K-algebra and (M, p) an R-module that is a
finite dimensional K-vector space. Previously we observed that p(R) C Endg (M).

Theorem 11. (Burnside’s theorem) M is a simple R-module if and only if p(R) = Endg (M).

Proof. It p is surjective, given m € M nonzero, extend {m} to a K-basis of M. Given any n € M,
look at T' € Endk (M) that sends m — n, and the other basis elements to 0. Then 37 € R such that
p(r) = T, which means that rm = T(m) = n. Therefore, the R-submodule generated by m is M.
Since m € M was an arbitrary nonzero element, M has no non trivial submodule. This direction
does not require the finite dimensionality of M as a K-vector space.

Conversely, suppose M is simple. We know that p(R) C Endg (M) is an R-module. Since R is
semisimple, p(R) decomposes into simple R-modules. Suppose N is a simple R-module that appears
in the decomposition, then we have the inclusion N < p(R).

Given m € M, let e,,: Endg (M) — M be the evaluation map. Then we have N < p(R) == M.
This composition is easily seen to be R-linear and by Schur’s lemma, we must have N = M.
Therefore, p(R) = M for some indexing set I. However p(R) is a K-vector subspace of End (M)
which is finite dimensional, so I is finite, say |I| = d. Take n = dimg M. Then, dimgp(R) = nd
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Next, because K is algebraically closed, Endr(M) = K, therefore, Endr(p(R)) = K% so
dimgxEndgr(p(R)) = d?. However, p(R) is itself a ring, and ¢: p(R) — p(R) is R-linear if and only if
it is p(R)-linear because the actions are the same. Therefore, as Z(p(R))-algebras, in particular as K-
vector spaces (for K is contained in p(R) as scalar matrices), p(R)°? = End,r)(p(R)) = Endr(p(R)).
Comparing dimensions gives us d = n, therefore p(R) = Endg (M). O

8 Idempotents and von Neumann regular rings

Henceforth all rings contain unity.

When R is a semisimple, g R is a sum of minimal left ideals, say gRR =V} & --- & Vj. Writing
1 =€ + -+ €, with ¢; € V;, we have seen that €7 = €;,€i€; = 0 for ¢ # j. So, the minimal left
ideals V; are generated by idempotents. Of course, to show the idempotence of ¢;, we did not need
the minimalty.

More generally, suppose gR is a direct sum of left ideals. As before, because rR is finitely
generated, we must have a finite number of summands, so gRR = V] & --- ® Vi where V; are just left
ideals, not necessarily minimal. Then writing 1 = €1 4 - - - + €5 as above, we get the same relations.
Any z € R can be written as © = ze; + - - - + xeg, so each V; is generated by e;.

Lemma 15. Any left ideal I of R is a direct summand of rR if and only if I is generated by an
idempotent.

Proof. If RR = I & J, then we have seen that I is generated by an idempotent. Conversely, suppose
I = (e) is generated by an idempotent, then 1 — e is also an idempotent. Take J = (1 — e), we have
INJ =0 forif ze = y(1 — e), then

ze = xe? = y(1 —e)e = 0.
It is clear that gRR=1® J. O

Corollary. Suppose R is semisimple, then every left ideal is generated by an idempotent.

Proof. Suppose I is an ideal of R, then it is a submodule of pR, hence a direct summand. By the
lemma, I is generated by an idempotent. O

We now look at the Jacobson radical J(R) of R. This was defined to be the intersection of all
maximal left ideals. We can similarly define a right-Jacobson radical, however we see below that the
two notions are the same.

Definition. For an R-module M, the annihilator is the set Ann(M) = {r € R|rM = 0}.
Observe that for any module M, Ann(M) is a two-sided ideal of R.
Theorem 12. The following are equivalent.
1. x € J(R).
2. 1 —yx has a left inverse for every y € R.
3. M =0 for any simple R-module M.

Proof. Suppose z € J(R), and y € R. If (1 — yx) has no left inverse (i.e. an a € R such that
a(l —yz) = 1), then the left ideal (1 — yz) is a proper ideal contained in some maximal left ideal I.
Because z € J(R) C I,yx € I. Therefore, 1 =1 — yx + yx € I which is impossible.

Next, suppose 1 — yx has a left inverse for every y € R. Given a simple module M, suppose
xM # 0, then there is an m € M such that m # 0. This means that R(xm) = M by simplicity, so
there is a y € R such that yxrm = m = (1 — yz)m = 0. However, 1 — yz has a left inverse, which
means that m = 0, a contradiction. Therefore xM = 0.

Lastly, suppose M = 0 for every simple module M. Given a maximal left ideal I, the additive
group R/I (for I is a subgroup of R) is a left module with the obvious multiplication. Moreover, since
submodules of R/I correspond to ideals of R containing I, this is a simple submodule. Therefore,
z(R/I) =0, in particular z(1+ 1) =0, so x € I. Therefore z € J(R). O
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Corollary. J(R) = A where A is the intersection of Ann(M) over all simple R-modules M. In
particular, J(R) is a two sided ideal.

Theorem 13. For a ring R with unity, the following are equivalent.

~

. For any a € R, there exists x € R such that axa = a.

2. Bvery principal left ideal is generated by an idempotent.

3. Ewvery principal left ideal is a direct summand of rR.

4. FEvery finitely generated left ideal is generated by an idempotent.
5. FEvery finitely generated left ideal is a direct summand of rR.

Proof. 2 & 3,4 < 5 follow from the lemma above. Now assume 1, and let I = (a) be a principal
left ideal. Choose = € R such that aza = a, then I = (za) and (va)? = rara = wa, therefore I is
generated by an idempotent. Conversely, if every principal left ideal is generated by an idempotent,
then given a € R, there is an x such that (a) = (za) and za is idempotent. This means that there
is a b € R such that

bra = a = (bra)ra = axa = a = bxra = aza.

Therefore 1 < 2. Now, 4 = 2 is obvious.

Assume 2, and let I be a finitely generated ideal, say I = (aq,...,ax). By induction we need
only consider the case k = 2. Otherwise, replace (aq,...,ar—1) with an appropriate idempotent and
use the case k = 2 . So, take an ideal I = (e, f). Now, f = f(1 —e)+ fe, so I = (e, f(1 —e)).
Now, replace f(1 — e) by an idempotent e’ such that (f(1 —e)) = (/). It is clear that e’e = 0 and
I = (e,e'). Now, we have

e=elete —ed), e =¢c(e+e —ee)

so I = (e+ ¢’ — ee') is principal. Moreover, it is easy to see that e + ¢’ — ee’ is an idempotent. [J

Remark. Of all the conditions, the first one is left-right symmetric, so the same statements hold
after replacing left with right. A ring that satisfies any of these conditions is called a von Neumann
regular ring.

Lemma 16. For a ring R with unity, we have semisimple = von Neumann regular = J-semisimple.

Proof. If R is semisimple, then we know that every principal left ideal is generated by an idempotent,
so R is von Neumann regular.

Suppose R is a von Neumann regular ring and a € J(R). Pick z € R such that ara = a =
a(l —xza) = 0. Because a € J(R),1 — za has a right inverse, therefore a = 0 and J(R) = 0. Thus,
R is J-semisimple. O

It is easy to see that Z is a J-semisimple ring for the maximal ideals are (p) for primes p. However,
Z is neither semisimple nor von Neumann regular. Next consider the infinite direct product (Z/27Z)N.
This is von Neumann regular as each element is idempotent, but is not Artinian (semisimple rings
with unity are finitely generated).

For another example, take k = Z/2Z, and R = k[x1,...]/I where I is the ideal I = (22 —
x;, 2 x)8, 5 > 1,1 # j). It is easy to see that I is a proper ideal, now in R, every element is idempo-
tent, so R is von Neumann regular, but we have the descending chain (z1,za,...) 2 (z2,...) 2 ....
This is a strictly descending chain because if , for example z1 € (z2,...), then x; is a polynomial
expression involving variables other than z;. Multiplying by z; gives 1 = 0. Therefore, R is not
Artinian, hence not semisimple.

Theorem 14. (Maschke’s theorem) Let G be a finite group. Then R[G] is semisimple if and only
if R is semisimple and |G| -1 is a unit in R.
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Proof. We have already proved most of this. All that is left to show is that if R[G] is semisimple,
then |G| -1 is a unit. It suffices to show that p- 1 is a unit for every prime dividing |G|. Given such
a prime p, pick an element o € G of order p. Assuming R[G] to be semisimple, it is von Neumann
regular, so there is an « € R[G] such that

l-0)z(l—0)=1-0)=(1-(1-0)z)(1-0)=0.

By the following lemma, we can write (1 — (1 — o)z) = y(1 + o + --- + P~ 1), then applying
the augmentation map e: R[G] — R gives 1 = €(y)(p - 1), therefore p - 1 has a left inverse. Because
p-1€ Z(R), it is a unit. O

Lemma 17. Forz € R[G],0 € G of ordern > 1,2(1—0) = 0 if and only ifv = y(1+o+---+0""1)
for some y € R[G].

Proof. If z = y(1 4+ 0 + -+ 0o"1), then it is clear that z(1 — o) = 0. Assume z = >_gec Gg9 and
x = xo. Then, for any g € G, the coefficients of g, go, go?,...,go" ! are the same, in other words,
the coefficients are constant on the left cosets of the cyclic group (o). Grouping the terms, it is clear
that r =y(1+ 0 +---+ o™ 1). O

9 Introduction to characters

Definition. Given a ring R, an element € € R is called a central idempotent if € € Z(R) and
is an idempotent. Two central idempotents €1,€s are said to be orthogonal if exeo = 0. A central
idempotent € is said to be primitive if it is not a sum of two non zero orthogonal central idempotents.

We know that if R is a semisimple ring with unity, then rRR =V} & --- ® V}, where the V; are
minimal left ideals generated by idempotents ¢;. Moreover, ¢;¢; = 0,7 # j. However, it is not
guaranteed that these idempotents are central.

Rewrite RR = V{"' @---®V,"* where V;, V; are not isomorphic for i # j. Setting D; = Endg(V;),
we have the matrix decomposition

R:Mn1<D1)@"'®Mnk(Dk)

and Z(R) = Z(D1) @ --® Z(Dyg,). For a division ring D,n > 0, we have seen that Z (M, (D)) is the
ring of diagonal matrices with entries from Z(D). If € is a central idempotent, say € = diag|a, ..., al,
then a? = a. Since D is a division ring, we must have a = 0 or a = 1. Therefore, ¢ is either the zero
matrix of identity matrix both of which are primitive.

Therefore, if ¢; is the identity matrix in M, (D;), then ¢; is a primitive central idempotent of D.
In fact, these are the only primitive central idempotents, for if (a1, ...,ar) € Z(R) is an idempotent,
then each a; € M,,(D;) is an idempotent, hence a; = 0 or a; = ¢;. If (a1,...,ax) is to be primitive,
then it must be some ¢; for ¢;¢; = 0 in R.

Let K be an algebraically closed field, R a semisimple finite dimensional (as a vector space)
K-algebra. Then, by Schur’s lemma (since R is finite dimensional, all submodules are also finite di-
mensional), all D; = K and R = ®%_, M,,,(K). We have seen that if R decomposes as ©F_; M,,,(D;),
then D} is a simple R-module with multiplicity n; in R. Therefore, in R, each K™ is a simple
module with multiplicity n;, in otherwords, each simple V' appears in the decomposition of Rdim gV’
times and

R = Vldival NS deimKVk.

Next, we have Z(R) = Hle K, which means that Z(R) is a k dimensional K-vector space.
When R = K|[G] for a finite group G, char(K) 1 |G|, we know Z(K[G]) is the collection of class
functions on G, which clearly has dimension (as a K-vector space) equal to the number of conjugacy
classes in G (a basis is given by the characteristic class functions). Therefore k is the number of
conjugacy classes in G, i.e. the number of irreducible representations of G is the same as the number
of conjugacy classes.
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9.1 Characters

Let K be an algebraically closed field, R a finite dimensional semisimple K-algebra. Decompose
R=V"®---@V*, where (Vi,p1), ..., (Vk, px) are simple R-modules and r; > 0. Suppose €1, ..., €
are the primitive central idempotents forming a basis of Z(R). Then, €, acts as identity on V;"* and
zero on the other summands. In particular, €; acts as identity on each copy of V; in R.

Let (M, p) be any finite dimensional/finitely generated R-module, then M = V™ & --- @ V,"*
for some m; > 0. To understand M, we need to find the values of m;. Fix a basis for each of the V;
in M, and join them to form a basis of M. For each r € R, we know that p;(r) € M,,(K) where
n; = dimgV;. Having fixed the basis, we have

p(r) = pi(r)™ & - & pr(r)™".

Now, take r = ¢; for some 4, then p(e;) = I'*. Taking the trace, we get m;dimgV; = Tr(p(e;)).
We can find m; when dimgV; # 0 in K. The important thing is that the trace of p(e;) does not
depend on the basis of M. Therefore, if we can find the simple R-modules and the primitive central
idempotents of R, then we can decompose any finitely generated R-module. The problem is to find
the primitive central idempotents.

Given an R-module (M, p) that is finite dimensional over K, we define the character

xv: R— K
r— Tr(p(r))

Observe that if (M, p1) = (Ma, p2) are two isomorphic finite dimensional R-modules, then x, =
X, because the isomorhpism correponds to a change of basis. Suppose we fix a basis for My, M, and
the isomorphism is given by an invertible matrix P, then the R-linearity suggests, Pp1(r) = pa(r)P,
which means that the traces are the same.

We would like to find the primitive central idempotents of K[G]. Suppose €1, ..., € are primitive
central idempotents in K[G] such that ¢; is identity on V;** and zero on the other factors. We know
that €; are class functions. Number the conjugacy classes 1,...,k and say €; takes value a;; on the
jth conjugacy class. Let x; = xv, (having fixed submodules V; of K[G]), then comparing characters
we get (because of the way ¢; act on the V;)

Z aijCij(Cj) == lelK‘/z(Lk
J

where C} is the jth conjugacy class, ¢; = |C;| and d;; is the Kronecker delta symbol. Observe that
Xk is constant on conjugacy classes of G because

Tr(pe(ghg™)) = Tr(pr(hg~'g)) = Tr(pk(h)).

With n; = dimgV;, we get the matrix relation over K

Cle(Cl) C2X1(02) . cle(Ck) ail a1 cee Ak ni1
ClXQ(Cl) 02X2(C2) s CkXQ(Ck) a2 G2 ... Qg2 N2
Cle(Cl) CQXk;(CQ) N cka(Ck) a1 a2k e Qik ng

If the right hand side is invertible (over K), in other words, if the characteristic of K does not divide
any of the dimensions, then we conclude that the character matrix (¢;x:i(Cj))1<i,j<k is invertible
and we can find the a;;s. Of course, these a;;s always exist, only it is easier to find it in this case.

We use the orthogonality relations of €1,...,€e;. Suppose a = dea agg,b = e byg are two
central elements. Then we look at the coefficient of 14 in the product. This is given by

(ab); = Z aghy—1

geaG

k
= Z c;a(Ci)b(C; )
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where the sum is taken over conjugacy classes. Given a conjugacy class C' of G, say the conjugacy
class of some g €G, then the inverse class C ! is the conjugacy class of g~!. It is clear that there is
a bijection between C,C~!, namely = — ! for g, h are conjugates in G if and only if g~ !, h~! are
conjugates. Above, the second equality comes from the fact that a,b are constant on the conjugacy
classes.

We know that the numbers ¢y, ..., ¢ are divisors of |G|, so they are non zero in K. Since K
is algebraically closed, we may talk of their square roots. Fix square roots ,/ci, ..., /c; and define
matrices L, M, N as

dimgV; i=3j
Li; = { 0 ’ i s Mi; = @Xi(cj)aNij = \/Eiaji

Previously we assumed C1, ..., C}y to be in any order, but now we make just the simple assump-
tion that C; is the conjugacy class of identity 1. We next reverse the order of the conjugacy classes,
i.e. change the order to C’l_l, ceey Ck_l. Note that 01_1 = ;. Then we define matrices M., N, as

(My)ij = /Exi(C; 1), (Ny)ij = eiagi

where aj;_ is the value attained by ¢; on the inverse class C; ! Note that the size of a conjugacy
class and its inverse are the same. Now, we know L = M N = M,.N,. The orthogonality relations
of €1, ..., € translate to

ail

A=NIN=

k1

Now, supposing non of the dimgV; = 0 in K, then L, M, N are invertible and we have
A= M1 TD)T"(M L) =LY (MM 'L = L(MMT)'L.
Because the matrices are invertible, so is A, in other words non of the a;; are zero. We obtain
MMF =LA7'L.
Since L, A are diagonal, so is the product LA='L, i.e. MM is a diagonal matrix. We obtain
ni

Verxa(Cr) oo exa(Cr)] [vena(Cer') ... veaxe(Crh) an

Verxe(Cr) oo Vaxk(Cr)] [Verxa(Cyh) oo Verxa(Cyh) i
where n; = dimgV;. In particular,
dimg V2 _
IRENUES Bl
vt i F ]

We can similarly try to find a, for x € Z(G) because

ay = Z Upglg—1 = Za(xC’i)a(C’fl)

geG )

where 2C is the conjugacy class of zg when C' is the conjugacy class of g. This is because xhgh™! =
hxgh~!.
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9.2 Tensor products and duals

Let K be any field, G, H finite groups and (V7, p1), (Va, p2) be finite dimensional G-representations
and (W7y, 01), (Wa, 02) be finite dimensional H-representations. We have seen previously that V3 KW,
is a G x H-representation. Moreover, as G x H-representations, we have Vi K W7 = Homg (V;*, W1)
where the action of (g,h) € G x H on T € Homg (V, W) is given by (g,h) - T = o(h) o T o p(g~?!)
for representations (V, p), (W, o). In the following theorem, which already has enough symbols, we
resort to the notation gv for p(g)(v) and it should be clear from the context which representation is
under consideration.

Theorem 15. As G x G x H x H-representations, Homy (V4 KWy, Vo K W3) = Homg (Vy, Vo) K
HomK(Wl,WQ).

Given (917927}“7}12) € G xGx Hx ]{7 for T € HomK(V1 X Wl,V2 X WQ) and T1 X T2 S
Hompg (V1, Vo) X Hom g (W1, Wa) the action is given by

(927 h2) oTo (gl_la hl_l)

((91,92) - T1) @ ((h1, he) - T»)

Proof. Given Th € Hompg (V1,Va),To € Homg (W1, W3), we denote the tensor product of T3,T5
by T1 ®m To € Homg (Vi K Wy, Vo ® Ws) so as to avoid confusing it with the element T} @ Ty €
Hompg (V4, Va) K Homg (W1, Ws). Thus, we have a map

HOHIK(VL ‘/2) X HOIHK(W17W2) — HOHIK(V& X Wh‘/g X Wg)
(Tl,TQ) — T1 Rm T2 : {ZL’@y — Tl(l') ®Tg(y)Vx € Vl,y S Wl}

This map is K-linear, because, for example (71 +T7) @, To, T1 Q@ To + T} ®,, To agree on the basic
tensors of V3 K Wj. Therefore, we have a K-linear map

[OF HOInK(Vl, Vg) X HomK(Wl, Wg) — HOIIIK(Vl X Wl, Vé X WQ)
THRTy— T @ 1o

Now given (g1, g2, h1,h2) € G X G x H x H, we have for all v € V1,w € W1

®((g91,92,h1,h2) - Th @ T2) (v @ w) = 2((91,92) - T1 ® (h1, h2) - T2) (v @ w)
= (((91,92) - T1) @ ((h1, h2) - T2)) (v ® w)
= 21 (g7 'v) @ hoTo(hy 'w)
= (92:h2)T1 @ To((g7 5 iy ) (0 @ w))
= ((91, 92, h1, h2) - (T ®@m T2)) (v @ w)

Since they agree on basic tensors, we have

®((g1,92, b1, h2) - (Ty @ T3)) = (91, 92, h1, he) - (11 ® T3).

By K-linearity of ® and the linearity of the action of G x G x H x H, this equality holds on
Hompg (V7, Vo) K Hom g (W7, Wa), i.e.,

Pl T)=a-®(T)Vae GxGx Hx HTeHomg(V, Vo) X Hom g (W1, Wa).
Now we find the inverse map. So far, we haven’t used the finite dimensionality of V;, W;. So, let

{el,... el } be a basis of V;,i = 1,2, similarly let {f{,..., f. } be a basis of W;,i = 1,2. For
1<i<ng, 1< < ng, define E;; € Homg (Vi, V) by

Eij(ex) = { 02 b

€; k=1
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Given T' € Homg (Vi K W1, Vo K Ws), and 1 < i < ng,1 < r < mq, we have unique coefficients
aiy € K,1 < j <ng,1<s<msysuch that

Tle @) = 2 ane; 1
because the bases of V;, W; provide a basis for V; K W;. Set T;; € Homg (W1, Wa) to be the map
T;(fH= > aifl

1<s<mg

Basically, it is the coefficients of e? ® fE ..., e? ® f2_ in T(el @ fl). Consider the map

ma
U: Hompg (V3 R Wy, Vo ¥ Ws) — Hompg (Vi, Vo) K Hom g (Wy, Wa)

1§i§n1
1<j<n2

It is clear that ® is a K-linear map. We show that it is the inverse of ® and the rest follows.

Q(U(T))(e; @ f) = D Eij®m Tijle; © )
1<k<n,
1<j<ns

Z Eij @ Tijlel ® f})
1<j<n2

> el > i)
1<j<ng 1<s<myo

> i s

1<j<ns
1<s<mg

Therefore, ¥ is injective. Comparing the K-vector space dimensions (for ¥, ® are K-linear), we
conclude that ®, ¥ are isomorphisms. By the bijective nature, ®, ¥ are in fact isomorphic as G x
G x H x H representations. O

Corollary. Suppose Vi = Vo = VW, = Wy = W, then the isomorphism above is also a ring
isomorphism.

Proof. Tt suffices to show that ® is multiplicative, then by the bijective nature, ¥ is also multiplicative
(but it is harder to show). Take T1,7] € Endg (V), 15,7y € Endg (W). We need to show that

(T @ T2) o T{ ® T3)) = ®((T1 0 T7) o (T2 ® T3))
= (Th o T}) @, (Ty 0 Ty)
= (T1 @ T2) o (T @ T3)
= (T @ Tz) 0 ®(T] @ T»)

which is now obvious. ]

By Burnside’s theorem, when (V) p), (W, o) are simple G, H representations respectively, then
p(K[G]) = Endk(V),o0(K[H]) = Endg(W). Therefore, all the basic tensors in Endg (V) K
Endg (W) are covered by p ® o which means that

p®o(K[G x H]) = Endg (V) R Endg (W).

Lastly, the action of G x H on VX H is precisely ® o (p ® o), therefore (P o p ® 0)(K[G x H]) =
Endg (VR W) and by Burnside’s theorem, VX W is a simple G x H-representation.

Remark. In fact, we can replace K |G|, K[H| by any K-algebras R, S with V, W finite dimensional
modules. Of course, the isomorphism in the theorem is only as K-vector spaces, but Burnside’s
theorem still applies to make V KI W a simple R ® g S-module.
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Theorem 16. Suppose (V1,p1), (Va, p2) are simple G-representations, (W1, 01), (Wa,02) are simple
H -representations and Vi KWy & Vo K Wy as G X H-representations, then Vi = Vo, Wy &£ Ws as
representations.

Proof. Suppose ¢: Vi X W; — Vo W Wy is an isomorphism of G' x H representations. Then
P Endg (Vi ®W;) — Endg (Vo ®W,) with o(T) = ¢poT o)1 is an isomorphism of G x G x H x H-
representations and a K-algebra isomorphism. It is easy to see that it is a K-algebra homomorphism,
to see G X G x H x H-linearity, observe that

¥((91,92,h1,h2) - T) = 0 (g1, g2, ha, ha) - Top™!

o (g2, ha) 0T o (g " hy ) oy~

g2, ha) oo T o™ o (g hy)

9192, h1,he) - (Yo T op™")

Now p1®01: K[G x H] — Endg (V1 ®W1) is a ring homomorphism, which we restrict to K[G x 1g].
We then have the following diagrams

=y
=y

= (
= (

Endg (V) +—2—— K[G] ——2—— Endg(V2)

'®IW1l l L@Iwz

EndK(Vl) @EndK(Wl) — K[G X H] — EndK(va) X’EndK(Wg)

pP1R0o1 p2@02

! !

EIldK(Vl X Wl) = EndK(V2 X Wg)

Observe that all these are commutative:
e p1(9) ® Iw, = (p1 ® 01)(g, 1) and p2(g) @ Iw, = (p2 ® 02)(g, 1) Vg € G
° 1;([)1(9) Om Ul(h)) = z/;((]-vga ]-7 h) : (1V1 Rm 1W1)) = (1797 ]-7 h) ! (1V2 Rm ]-Wz) = p2(g) Om UQ(h)

Lastly, note that T'— T ® Iw,,T € Endg (V1) is injective. Consider the map

0: Endg (V1) — Endg (V2)
p1(x) = pa(z)

Because Vi, V, are simple pq, pg are surjective. We need to verify that 6 so defined is well defined,
suppose pi1(z) = p1(y), L.e. py(x —y) = 0, then

Ql)(pl(x — y) Rm IW1) =0= pz((E — y) ® 02(1H) =0¢e€ EndK(VQ) X EndK(Wg)

this means that pa(z —y) = 0 = pa(z) = p2(y). Therefore, 0 is a well defined map. It is easy to see
that 6 is in fact a K-algebra isomorphism. As a consequence, dimgV; = dimg Vo = n, say.

Fixing bases for Vi, Vs obtain algebra isomorphisms 0: M, (K) — Endg (V1) 8, Endg(V2) —
M, (K). By the following lemma, this K-algebra automorphism of M, (K) is inner, i.e. 3P €
GL,(K) such that §(A) = PAP~'. What this means is that the matrix of py(r),r € K[G] is the
matrix Pp1(r)P~! in the previously fixed bases.

This in turn, gives us a “change of basis” matrix P giving us an isomorphism V; — V,. Identify
Vi1, Vo with K™. Consider the map ¢: v — Pv from K™ corresponding to V; to V. Given r € K[G],
the action of r on the first K™ is through p;, and on the send through ps. Then,

¢(r-v) = Ppi(r)v = Pp1(r)P~" Pv = pa(r)é(v).
Therefore, ¢ is K[G]-linear. It follows that V; = V, as G-representations. Similarly, W; = Wy as

H-representations. O
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Lemma 18. If0: M, (K) — M, (K) is a K-algebra automorphism, where K is any field, then 0 is
an inner automorphism, i.e. 3P € M, (K) invertible such that §(A) = PAP™1.

Proof. Recall that when R = M,,(K), the left regular module decomposes as gR = @}, K™. This
means that upto isomorphism, there is only one simple R-module. Now, via 6, we have two actions
of R on M, (K):

p1: R — Endg (K™) p2: R — Endg (K™)
r— {z—rz,x e K"} r—{z—0(r)r,z e K"}

In both cases, it is easy to see that the resulting R-module structure on K™ is simple. Therefore, the
two K™, i.e., Vi = (K™, p1), Vo = (K™, p2) must be isomorphic as K-modules. Suppose ¢: V; — Vs
is an isomorphism. Since ¢ is a K-vector space isomorphism as well (because R = M, (K) is a
K-algebra), it must be given by an invertible matrix P, i.e. ¢(v) = PvVv € Vi (keep in mind that
Vi, Vo are both K™ as K-vector spaces). The R-linearity gives

PAv = 6(p1(A)(0)) = pa(4)(8(0)) = B(A)PLY A € My (K),0 € K™,
This directly gives 0(A) = PAP~! as required. O

Remark. The lemma above is a specific case of the more general Noether-Skolem Theorem.

Corollary. If R,S are finite dimensional K -vector spaces, M = &;V;™ is a semisimple R-module
decomposed into simple R-modules and similarly N = @; anj is a semisimple S-module, then M Q@
N =, ;(V; @ W;)™" is the decomposition of the R @k S-module M @5 N into simple modules.

Next, given a finite group G, a simple finite dimensional representation (V, p), we know that V*
is also a G-representation. Moreover, as K-vector spaces, V = V*, therefore, Endg (V*) = M, (K)
where n = dimgV. By simplicity, p(G) = Endg (V). Since the action of g € G on f € V* is
fop(g™t), we can, by swapping coefficients in K[G], obtain any matrix in M, (K). Therefore, V*
is a simple G-representation.
Theorem 17. Let G be any group, V is any G-representation. If V* is a simple G-representation,
then so is V.

Proof. Suppose W C V is an invariant submodule. Consider W+ = {f € V*|f(w) = 0Vw € W}.
Given g € G, f € W, we have g f(w) = f(g~'w) = 0Yw € W. Therefore, g- f € W=, hence W+
is a K[G]-submodule of V*. By simplicity, we must have W+ =0 or W+ = V*.

If Wt = V*, then we must have W = 0 by considering duals of basis elements of W. If W+ = 0,
then W =V by considering the dual basis of a basis of V. Therefore, V' is simple. O

Theorem 18. When V is a finite dimensional G-representation, V** 2V as G-representations.

Proof. For each v € V, the evaluation map e,: V* — K is a K-linear map, hence e, € V**. Let

{v1,...,v,} be a basis for V, {vf,...,v}} the corresponding dual basis for V*. Set e; = e,,, then if
are; + -+ anen, =0 € V**, then evaluating at each v] gives a; = 0. Since dimgV = dimgV™* =
dimg V**, {e1,...,e,} is a basis for V**.

Consider the map v; — €;. This map is K-linear isomorphism between V, V**. Now, given g € G,
suppose gvy = aivi + -+ apUy, then gui — aiel + - -+ + apv,. Next,
g-ei(vf) =e(g™t )

= (97" v}) ()
= v; (gv1)

= a;
Therefore, g-e; = a1e1+ - - - +ane,. Similarly, gv; — g-e; Vi, therefore, the isomorphism is G-linear
and V = V** as G-representations. O

Remark. We showed that if the dual V* is simple, then so is V. In the finite dimensional case,
V** =2V, soif V is simple, then so is V**, hence V*. However, the same is not true when V is not
finite dimensional. See [4].
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9.3 A different decomposition of K[G]

Let K be an algebraically closed field, G a finite group with char(K) { |G|. Given a simple finite
dimensional G-representation (V, p), we know that V* XV is a simple G x G representation and is
isomorphic to Endg (V) (as G x G-representation). Next, we have the obvious map

Ev: V'RV > K
feuve f(v)

Now fix a basis {e1,...,e,} of V,{e},...,e;} corresponding dual basis of V*, then the map
Endg(V) 5 V*RV sends T — Y ef @ T'(e;). Combining these, we get

VRV —2Yy K

[

EndK(V)

because By (ef ® T'(e;)) is going to be the coefficient of e; in T'(e;), i.e. the ith diagonal entry in the
matrix of T with respect to the basis {ej,...,e,}. The map to V* XV is G x G linear, but Ey is
not. In fact, upon the action of (g,h) € G x G

Ev o (g,h)(f@v) = f(g~ " hv)
and
T — Tr((g,h)-T) =Tr(hTg " )VT € Endg (V).

Suppose g K[G] = V"' @ --- @ V™. We know that n; = dimgV;. Then, as rings K[G] =
@F_ | M, (K). However, we also know that M, (K) = Endg (V;) as sets and that Endg (V;) = V*RV
as G x G-representations.

For (V,p) as above, we try to make sense of M, (K) as a G x G-representation isomorphic to
Endg (V). Having fixed the basis {e1,...,e,} of V, there is the obvious K-vector space isomorphism
that sends T' € Endg (V) to its matrix with respect to this basis.

Given (g1,92) € G x G, we have (g1,92) - T = p(g2)Tp(g;"). If we were to carry this action to
M, (K), and ultimately to K[G], then we make K[G] a G x G representation with action

(91,92) - @ = gawgy ' V& € K[G].
In this way K[G] becomes a G x G-representation. Since K|[G x G| is semisimple, we can decompose

K|[G] into simple representations.
We look for G x G-linear maps V* KV — K[G]. Suppose ¢ is such a map, then we want

¢((g.h) - f @) = (g,h) - ¢(f @ v) = ho(f @ v)g~".

Given ) . aqa € K[G], we have
h(z ana)g ! = Zabahag_1 = Zahaaga.

Moreover, the coefficients are maps V* XV — K. We already have one such map Ey . Observe that
Ev o (g,h)(f ®v) = f(g~'hv). Putting these together, we can take
ov: VRV — K[G]
fouv— Z fla )

aeG
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Observe that ¢y is well defined because the map (f,v) — > f(a"'v)a is K-bilinear on V* x V.
Next we see that this is G x G-linear because

ov((g.h)-f@v)=>Y flg~'a  hv)a
=Y flev)hag™!

Lastly, ¢y is non zero because we can make the coefficient of 15 non zero for some specific choices
of f,uin f ® v. Because V* KV is a simple G x G-representation, ¢y is injective.
Now, we run through the simple representations of G to get a G x G-linear map

O By, ViRV - K[G

Zfl X v; Z Z fi(aflvi)a

Because each V;* K V; appears with multiplicity 1 (for the products are not isomorphic when i # j),
the kernel of @ is a direct sum of some of the V;* X V;. However, because ¢y, is injective, none of
the V;* ¥V is in the kernel, hence ® is injective. Comparing dimensions (for ® is also K-linear), we
conclude that ® is an isomorphism of G X G-representations.

We then have the isomorphism

U: @F | Endg (Vi) — K[G]

T — Z Tr(pi(a™) o T))a
acG

We have an obvious map we haven’t looked at so far,
p: K[G x G] = ®;Endg (V;)
x = Z pi(x)
i
This is obviously a K-linear map, but it is also G x G-linear because for any (g, h) € G x G, we have

p((g,h) - x) = p(hag™")
= pilheg™)

= Zpi(h)pi(l")ﬂi(g_l)

= (9, h)p(z)

Now as G x G-representations, we know that Endg (V;) 2 Endg(Vj),i # j. Furthermore, the
projection of p to the ith coordinate is p; which is surjective by simplicity of V;. Combining these
two facts, we see that p is surjective, then by comparing dimensions, it must be an isomorphism.

Look at po W. This is a G X G-linear automorphism of &;Endg (V;). By Schur’s lemma (recall
K is algebraically closed), it is going to be a scaling of each coordinates, i.e. there are non zero
constants by, ..., b such that

po \I’(Tl, PO ,Tk) = (blTl, .. -7kak)-

Consider €; € K[G], we know that it acts as identity on V; and zero on Vj,j # 1. Therefore,
pler) = (Iv,,0,...,0) (this also shows that p is surjective), which means that U(Iy,,0,...,0) = bye;.
In other words,

€ = % Z Tr(pi(a™1))a.

aeG
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Similarly, for other ¢;. Now, we know that as G-representations,
K[G]K[G] — 692_‘/;dimKVi.

Fix a basis for each of the summands, and fix the basis {g|g € G} for K[G]. We look at the action
of g € G on the whole vector space K[G] and on the individual summands.
On K|[G] each g € G acts as a permutation matrix. This means that the trace is given by

=1y i

However, at the same time (in K) Tr(g) = Y, dimg V;Tr(p;i(g)). Therefore in K,
Z b;dimg Vie; = Z Z dim g V;Tr(pi(a™))a
i

i a€eG
= ZdimKViTr(pi(lg))lG
= Zdim](‘/iz].g

=|Gllg

where we have used |G| = dimg K[G] = Y, dimg V;? in Z, but it holds true even in K (it gets reduced
modulo char(K)). Now, 1g is the identity of K[G], which we know is also given by €; + -+ + €.

Therefore,
> bidimgVie; = [G] D e
i i
Using orthogonal properties of €, ..., €, we see must have dimgV; # 0 in K and
_ G|
! lelKVvZ ’

This also gives

di i _
€ = HIlKV Z XZ(OZ 1)0[.
‘Gl aeG

In particular, a;; = dimg V;?/|G|. Which means we have the following orthogonality relations, called
the Schur’s orthogonality relations

(a2 LG =g

geG
In fact, if we look at the coefficient of any x € G in ¢;¢;, we have

dlmKlemKV] 1 -1 7dir|néfvixi(x71) 1=13
) — RV ) . = [

(€i€j)a G2 QEGG (e z7)x;(a) 0 i
In other words, for any = € G, we have

1 oy (a-lp) — g i)
@O;GM( )XJ( ) 5Zin(1G).

This suggests that the elements 42 Ve xi(a)a should also be a central idempotent and that
£g [G] ae@

is in fact true.

Let (V, p) be a finite dimensional representation of G, then look at the action of g € G on V*. It
sends each p*: f — fop(g). By taking a dual basis of V, it is easy to see that the matrix of p*(g)
on V* is precisely p(g~')T, which means that (since trace is preserved under transpose)

xv-(9) =xv(g " )Vgeq.

Therefore, the new elements are just the same €1, ..., e, permutated. Keep in mind that as repre-
sentations V** = V' so the characters are the same.
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9.4 Applications and more relations

As a first application of characters, we decompose any finite dimensional G-representation. Continu-
ing with the notation above, suppose M = V" @---@ V" is a finite dimensional G-representation.
Then, we have

XM =mix1+ -+ MEXk

where x; can be thought of as both a function on G and a central idempotent of K[G]. To find the
m;, we take the product with x;, so that

m@ZIéTE:xmdmxxg‘U~

geG

This way, we can decompose any finite dimensional representation into simple modules. Essentially
we are using the fact that €q,..., € are linearly independent and form a basis for the vector space
of class functions in K[G]. Since x s is a class function, it is in the linear span of €y, ..., €, and the
coefficients are found using the orthogonality.

Next, we look closely at a previous matrix equation to obtain more relations between the char-
acters. We had

C1X1(Cl) 02X1(02) s Cle(Ck:) aix a1 ... Qg1 n
cix2(C1)  cax2(Ca) ... cpx2(Cr)| |a12 az2 ... ak2 no
Cle(Cl) Csz(C2) s Cka(Ck:) alg a2k ... Qkk ng

Define the following matrices, all of which are invertible over K

Mij = x;(Ci)
L = diag[nq, ..., ng)
N = diagcy, .. ., ck]

Keep in mind that these are different from the previous M, L, N. Then the above equation translates
to 1

—M"NM,L=L.

G| '
where M, is as previously mentioned, the matrix M with C; replaced by C; !, Rearranging this
gives

(Y xa(Crh) xe(CTH] [x1(C1)  x1(Co) x1(Ck) o
x1(Cy 1) xa2(Cy) xe(C3M) | [ x2(C1)  x2(C2) x2(Cr) _ %
Xl(c.fl) X2(é£1) Xk(é,zl) Xz(bl) Xk(-c2) Xk(bk) 161

which in particular means

k |G| _
E (O~ Yy, — i |Z(Co)| a=p
2 Xz(ca )Xz(CB) = { (‘)C | a+p

where Z(g) is the centralizer of ¢ € G. Here Z(C,,) denotes the centralizer of any element in C,,.
Since conjugate elements have conjugate centralizers, the cardinality of the centralizer is unambigu-
ous. In particular, the function

|Ca
G|

k
| in(C;I)Xi2 G — {071} CcCK
1=1

30



serves as an indicator function 1¢, of the conjugacy class Cl.
Of course, the indicator function is itself a class function in K[G]. If we were to decompose it as
le, = ai1xa + -+ + arXs, then

1Cal (1
ai = 1 = xi(Cq

geG

which is exactly what we got above.

One last thing and this is directly from Amritanshu Prasad’s book, specifically Exercise 1.7.17.
Suppose we were to calculate the cardinality of {x € C;,y € Cilry = z} where C;,C; are fixed
conjugacy classes and z is some fixed element of G. Perhaps we were to look at the coeffcient of z
in some product. This then is the convolution of the indicator functions 1¢;, 1¢, at z, i.e.

{z € Cjy e Chlay =z} = > e, (@)1e, ()

TYy=2

If we now substitute the expansion of 1¢;, 1¢,, then, we get

k
Z 1Cj (x)le(x_lz |C Hck‘ Z ZXOL a(x))(z Xﬁ(ckjl)Xﬁ(x_lz))
p=1

zeG zeG a=1
- 'C|G'C’f S xe(C (O T relensta)
xeG
|c \|ck\ Xa(C; )Xa(Cr M )xa(2)
Z Xa 1G)

where in the last step we used an identity from the previous subsection.

10 Conclusion

In this document I have detailed a certain development of Module Theory, Representation Theory,
and Character Theory, mostly on my own but there is no such thing as originality in a subject this
old. Of course, the material here is far from complete and there are lots and lots of things left
to explore. Since the beginning my goal was to develop character theory and Artin-Wedderburn
Theory from a place that was intuitive to me, from a perspective where every step has a motivation.
It is natural to ask how to decompose a module because it helps us understand a big object as being
made up of smaller objects, it is natural to ask about group representations because that’s how
groups first came to be, i.e. as groups of transformations of different objects (vector spaces and Lie
groups, roots of polynomials and Galois groups etc).

As usual, the project had a mind of its own and went to places I hadn’t anticipated, and is
longer and far richer than I expected and that’s a good thing. I learnt a few things on the way and
I am now confident in at least the foundational aspects of the subject. This “research” of mine has
opened a few doors, noncommutative ring theory, Brauer’s theory, modular representations (I have
completely ignored the case when K[G] is not semisimple) to name a few and I hope to pursue these
subjects.

Representation theory doesn’t stop here, one can study the representations of .S,, or study rep-
resentations over C which is a very nice field or study modular representations, for example. Then
there is also the subject of representations of Lie groups, which I have, at the time of writing (22
July 2020) no knowledge about. We can also study the ideals of K[G] or more generally R[G] from
a ring theoretic point of view and ask purely ring theoretic questions about the rings themselves.

But I won’t pursue these subjects here; this is long enough as it is. I have accomplished my goal
of at least developing the subject and motivating it.
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