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A compilation of a few proofs about filtrations, completions and inverse limits of rings and modules.
These results are pretty standard and this write up is neither unique nor complete. Any book on
Commutative Algebra is a good enough reference, see Commutative Algebgra by N. S. Gopakrish-
nan, Commutative Algebra by Matsumura, Commutative Algebra with a view towards Algebraic
Geometry by Eisenbud for example.

1 Topological completion

Given a ring A, a filtration is a family of ideals A = A0 ⊇ A1 ⊇ . . . such that ApAq ⊆ Ap+q. An
A-module M is filtered if there are submodules M = M0 ⊇M1 ⊇M2 ⊇ . . . such that ApMq ⊆Mp+q.
A topological group G is a group (similarly rings, modules etc.) with a topology such that the group
operations are continuous. If G is such a group, then it suffices to know the neighbourhoods of the
identity e as all other open sets are given by translations.

Proposition 1.1. Let G be a topological group and let H be the intersection of all neighbourhoods of e.

i) H is a subgroup.
ii) H = {0}.

iii) G/H is Hausdorff.
iv) G is Hausdorff iff H = 0.

Proof. Left to the reader.

Let M be a filtered A-module. Let τ be the topology generated by taking Mn as the neighbourhoods
around 0. In this case, the Mn are also closed because the complement is given by ∪x<Mn

(x +Mn).
Similarly generate a topology on A. Addition is continuous because neighbourhood x +Mn × y +Mn
maps to (x + y) +Mn. Multiplication is continuous as the neighbourhood x +Al ×m+Mn maps to
xm+Mn when l ≥ n (for Alm lands in Ml+0) (same argument for multiplication in A). With this kind
of topology, A is a topological ring and M is a topological A-module.
The goal is to obtain a completion of M and we proceed in two ways which we prove to be equivalent.
First, given a sequence (xn) in M, we say it is Cauchy if for every k, there is an N such that for
m,n ≥ N,xn − xm ∈Mk . Two Cauchy sequences (xn), (yn) are equivalent if (xn − yn) is Cauchy. It is
easy to see that this is indeed an equivalence relation. Let M̃ denote the space of all equivalence
classes of Cauchy sequences 1.
One easily sees that M̃ is an A-module and the obvious map i : M → M̃ (constant sequences) is a
module homomorphism. Moreover, it is injective iff M is Hausdorff. Set

M̃k = {[(xn)] : ∃N such that ∀n ≥N,xn ∈Mk},

this is all those equivalence classes whose representatives, eventually, have elements from Mk . Note
that the membership of any sequence to M̃k is independent of the representative chosen. It is also

1As far as set theory goes, I think this is a valid notion: form the space of sequences as all maps N→M, then form the
subset of all Cauchy sequences using an axiom schema of specification which works because the property of being a Cauchy
sequence is well defined and finally form a quotient as a subset of the power set under the map x 7→ [x] using axiom schema
of replacement. Disclaimer: I am not completely sure about what I’ve written here.

1



clear that these M̃k are submodules and form a filtration of M̃ (verify that AlM̃k ⊆ ˜Mk+l). Observe
that an element in the intersection ∩M̃k is equivalent to the zero sequence. Moreover, the inclusion
i is continuous with respect to the induced topology on M̃ because i−1(M̃k) = Mk (technically, this
would require Mk−1 ,Mk , but the argument works) with ker(i) = ∩Mk .
Now we claim that M̃ is complete with the induced topology. Let (Xn) be a Cauchy sequence in M̃
and fix representatives Xn = (xnm). For each i, there is a ki such that for r, s ≥ ki ,Xr −Xs ∈ M̃i .
Let m1 ∈N be such that

xk1t − xk2t ∈M1,xk2t − xk2s ∈M2 for all s, t ≥m1.

Set y1 = xk1m1
. Having found m1, pick m2 > m1 such that

xk2t − xk3t ∈M2,xk3t − xk3s ∈M3 for all s, t ≥m2

and set y2 = xk2m2
. Inductively construct the sequence Y = (yn). We claim that Y is a Cauchy

sequence and that Xn converges to Y .
Observe that for j ≥ i

yi − yj = yi − yi+1 + yi+1 − yi+2 + · · ·+ yj−1 − yj ∈Mi

because yi − yi+1 = xkimi
− xki+1mi

+ xki+1mi
− xki+1mi+1

∈Mi by definition of mi and because Mi ⊇Mi+1.
For this reason, Y is a Cauchy sequence.
Given i, let t be such that mt > mi . Now, for r ≥ ki , we have

xrt − yt = xrt − xktmt
= xrt − xki t + xki t − xkimi

+ xkimi
− xktmt

∈Mi .

Therefore, Xr − Y ∈ M̃i for r ≥ ki because mt+j > mt > mi for any j. Thus, M̃ is complete. Since
∩M̃k = {0}, we see that M̃ is a Hausdorff complete space.

Theorem 1.1. (Universality) Let M̃ be as above and suppose Y is a filtered A-module2 which is complete
and Hausdorff. Given a continuous A-module homomorphism f : M → Y , there is a unique extension
(continuous, A-module homomorphism) f̃ : M̃→ Y such that f̃ ◦ i = f .

Proof. Let Y = Y0 ⊇ Y1 ⊇ . . . be the filtration of Y . Given a sequence (xn), the sequence f (xn) is
Cauchy in Y because the inverse of any Yk contains some Ml by continuity.
Since Y is Hausdorff, let there is a unique limit f̃ ((xn)). This defines f̃ . Using continuity of operations
on Y (verify), f̃ is an A-module homomorphism. Let U = y +Yk be fixed and say f̃ (X) ∈ y +Yk for
some X = (xn). Since f is continuous, there is some t such that f (Mt) ⊆ Yk . By convergence, there is
an N such that f (xn) ∈ y +Yk for n ≥N .
Now, given (bn) ∈ M̃t , there is a P ≥N such that for r ≥ P ,br ∈Mt so f (xr + br ) = f (xr ) + f (br ) ∈ y +Yk .
Therefore, f̃ (X + (bn)) ∈ y +Yk and hence X + M̃t ⊆ f̃ −1(y +Yk) and we have continuity.

2 Inverse limit completion

There is an algebraic way to obtain a completion. In general, suppose we have a poset I and
a contravariant functor A : I →MA where MA is our temporary notation for the category of A-
modules. Set Ni = A(i), i ∈ I and αji : Nj → Ni to be A(i ≤ j). The Ni are said to form an inverse
system (some authors require I to be a directed poset, but we will not need that here (partly because
we will be dealing with the directed/totally ordered set N)). The inverse limit, if it exists, is an
object N̂ (the standard notation is: lim←−−N ) with maps αi : N̂ →Ni such that

N̂

Ni Nj

αj
αi

αij

2The author would have liked a more general result with Y being any complete T2 space, but was limited by category
theory.
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commutes and it is universal with respect to this property (i.e., if there is another P satisfying this,
then there is a unique map P → N̂ making all diagrams commute; universality gives uniqueness).
As far as existence goes, consider the set N̂ of all coherent sequences, i.e., those sequences (xi)i∈I
such that xi ∈Ni and xi = αji(xj ) for i ≤ j. This can be seen as a subset of the product of Ni (which
exists becauseMA has products). N̂ has the obvious A module structure, and there are the projection
maps N̂ →Ni (obtained by restricting the projection on the product; again this is allowed inMA).
The universal property is easily verified.
Now, suppose I = N and we have a system N1←−N2←−N3←− . . . . Let N̂ be the inverse limit, then we
have the kernels N̂k = ker(N̂ →Nk) and these form a filtration of N̂ (only a filtration of an abelian
group, this filtration doesn’t necessarily behave nicely with a filtration on A, although we aren’t a
priori assuming a filtration on A yet). It is clear that the intersection is zero, therefore, with the
induced topology, N̂ is Hausdorff.
If Xn is a Cauchy sequence in N̂ , then for any k there is an integer n0 such that for r, s ≥ n0,Xr−Xs ∈ N̂k
which means that the first k elements of Xr ,Xs are the same. In other words, the coordinates of Xn
are eventually constant and form a sequence Y . It is clear that Xn converge to Y , therefore N̂ is a
complete Hausdorff space.
Before we continue, we make the following observation. We defined our inverse limit as a subset of

the product ΠNi . Now, it is possible that each Ni has a topology (such that Ni−1
N←−−i is continuous

and Ni are topological groups/modules), in which case the product, hence the inverse limit, has a
product topology. How does the topology induced from the above filtration compare to the subspace
topology? Now, it is not difficult to see that in the event Ni are topological groups, then the product
ΠNi is also a topological group. Moreover, the inclusion N̂ →ΠNi is a group homomorphism and
therefore we only need to look at things near 0.
Continuity is clear because the basic neighbourhoods of 0 on the left side are of the form U1 ×U2 ×
· · · ×Uk ×Nk+1 × . . . whose inverse would contain ˆNk + 1 for example. However, not that the basic
neighbourhoods around 0 on the left would contain coherent sequences whose first few terms are
all 0. Therefore, if each Ni was given the discrete topology, then the topology on N̂ as a subspace of
ΠNi and that induced by filtration would agree.
Furthermore, because N̂ is complete, it is easy to see that it is closed as a subset of ΠNi (basically
take neighbourhoods around any point in the closure to construct a Cauchy sequence in N̂ convering
to that point). Therefore, if Ni are finite, then N̂ is compact.

2.1 Equivalence

Let M be an A-module with filtration M = M0 ⊇M1 ⊇ . . . . We form an inverse system:

M0/M1←−M0/M2←− . . .

and let M̂ denote the inverse limit. Its elements are equivalence classes ([x0], [x1], . . . ) with [xi] ∈
M0/Mi+1 such that xi+1 − xi ∈Mi (for any choice of representatives of the equivalence classes).
The filtration on M̂ is given by M̂k = ker(M̂→M0/Mk+1). Because the filtration on M behaves nicely
with the filtration on A, we observe that this filtration on M̂ also behaves nicely with that on A, i.e.,
M̂ is a filtered A-module.
Next, we also have the map

j : M→ M̂

x 7→ ([x], [x], . . . )

and this is continuous because j−1(M̂k) = Mk and ker(j) = ∩Mk .
We now have two spaces, M̂,M̃ both of which are Hausdorff complete spaces. Now, given a Cauchy
sequence (xn) ∈ M̃, for any k, we have the quotient sequence in M/Mk . Since the sequence is constant,
the quotient sequence is eventually constant, say some equivalence class ζk . Consider the map

F : M̃→ M̂

(xn) 7→ (ζn)
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Because we have Cauchy sequences, it is easy to see that the map is well defined (one needs to verify
that the image is independent of the choice of the representative and that it lands in M̂, both are
easy checks) and an A-module homomorphism. It is injective as if a sequence (xn) maps to zero, then
it means that the tails are in Mk for every k, hence the sequence is equivalent to the zero sequence.
F is also surjective as given an element ([y1], [y2], . . . ) ∈ M̂, let (y1, y2, . . . ) be the sequence of coset
representatives. This is a Cauchy sequence because yk+i − yk ∈Mk and immediately we also see that
F((yn)) = ([yn]).
Thus, F is an A-module isomorphism. Observe that F(M̃k) = M̂k , therefore F is a continuous and
open map, i.e., F is a homeomorphism.
Note that the following diagram commutes

M̃ M̂

M

F

i j

and M is dense in M̃: given an open set (xn) + M̃k , there is an N such that xn − xN ∈Mk for n ≥N , so
the constant sequence i(xN ) is in (xn) + M̃k .
While the inverse limit construction is more algebraic, it still carries some geometric intuition. One
can imagine it as consisting a sequence that zeroes in on topological ”holes”, i.e., those points that
the completion adds. Put simply, its elements are addresses: the element ([y1], [y2], . . . ) corresponds
to that element which is in the y1 coset of M1, y2 coset of M2 and so on. I imagine partitioning M
first into translates of M1, then each of those partitions into translates of M2 and so on, creating a
grid like partitioning of M and the inverse limit as a locating system that gives off the coordinates of
the partitions.

3 Exactness

Suppose we have a filtered ring A and a filtered A-module M, with filtration M = M0 ⊇M1 ⊇ . . . . We
look at submodules and quotients first. Let N be a submodule, then there is the induced filtration
Nk = N ∩Mk on N and on P = M/N we have the filtration Pk = (Mk +N )/N �Mk/(Mk ∩N ) and these
give completions N̂ , P̂ .

• The subspace topology agrees with the filtered topology: it is clear that the filtered topology is
contained in the subspace topology because for n ∈N,n+N ∩Mk = N ∩ (n+Mk). Conversely, let
(x+Mk)∩N , ∅, say n = x+m for m ∈Mk ,n ∈N . Then it is easy to see that (Mk is a submodule)

(x+Mk)∩N = n+ (N ∩Mk).

So, the inclusion N ↪→M is continuous.
• The quotient topology agrees with the filtered topology: Let q : M→ P denote the quotient map.

If x ∈ q−1([y]+Pk), then x+N ∈ y+(Mk +N )/N =⇒ x ∈ y+Mk +N . And conversely, if x ∈ y+Mk +N ,
then it is clear that q(x) ∈ [y] +Pk . Therefore, q−1([y] +Pk) = y +Mk +N = ∪y+n∈N (n+Mk) is an open
set. Hence each [y] + Pk is open, i.e., the filtered topology is contained in the quotient topology.
Let U be open in the quotient topology, then q−1(U ) is open. Given [y] ∈U , there is some k such
that y +Mk ⊆ q−1(U ), which means that [y] + Pk ⊆U , hence the quotient topology is equal to the
filtered topology. So, the projection q is continuous.

• Because the completion is Hausdorff, we directly have the following extensions

N̂ M̂ P̂

N M P
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Now comes the natural question of exactness, so we must deal with the category F of filtered
A-modules, whose objects are filtered A-modules and morphisms are module homomorphisms
which respect the filtration. Above, for example, the inclusion and quotient respect the filtration.
Then there is the category I of inverse systems of A modules with respect to a fixed poset I (in our
case, N) whose objects are inverse systems and morphisms are those that make all diagrams in sight
commute.
There is the functor

F : F → I

which sends a filtration M = M0 ⊇M1 ⊇ . . . to the inverse system M/M1←−M/M2←− . . . and sending
morphisms in the obvious manner. It is easy to see that this is a covariant functor.
Exactness in F ,I is one that is exact at each ”level”. We ask whether F is exact. Suppose we have the

exact sequence 0→N
f
−→M

g
−→ P → 0 of filtered A-modules:

0 N0 M0 P0 0

0 N1 M1 P1 0

...
...

...
...

...

f g

i1
f

j1
g

k1

Above we have a slightly more general notion of a filtration where il , jl , kl are some injective
morphisms and all diagrams commute (so, we have an inverse system). Another way is to instead
take this to be the definition of a filtration, but as far as this note is concerned, it suffices to take
these to be inclusions3. We can take appropriate quotients and we have the following maps:

0 N0/i1(N1) M0/j1(M1) P0/k1(P1) 0

0 N0/i1(i2(N2)) M0/j1(j2(M2)) P0/k1(k2(P2)) 0

...
...

...
...

...

f g

i1
f

j1
g

k1

We claim that this sequence is exact. We will prove for the first row, but the rest are similar.
First, suppose f (n+ i1(N1)) = f (n) + j1(M1) = 0, so f (n) = j1(m) for some m ∈M1. Then k1(g(m)) =
g(j1(m)) = g(f (n)) = 0, hence g(m) = 0, so there exists an n′ ∈N1 such that f (n′) = m. Then

f (i1(n′)) = j1(f (n′)) = j1(m) = f (n)

hence, i1(n′) = n, i.e, n+ i1(N1) = 0 ∈N0/N1.
It is clear that we have a complex at M0/M1, i.e., g ◦ f = 0. Suppose g(m + j1(M1)) = 0, then
g(m) ∈ k1(P1). By surjectivity of g : M1→ P1, there is an m′ ∈M1 such that g(m) = k1(g(m′)). Then

g(m) = g(j1(m′)) =⇒ m− j1(m′) = f (n) for some n ∈N0

Therefore, m+ j1(M1) = f (n+ i1(N1)).
Finally, surjectivity is clear because M0→ P0→ P0/k1(P1) is surjective.
Therefore, F is an exact functor.

3Because these are injective, it is possible to instead take an isomorphic filtration where all maps are in fact inclusions.
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Next, we have another functor
C : I →MA

which sends an inverse system to its inverse limit, which is unique by its universal property and this
is indeed a functor by the universal property. Let’s say we have an exact sequence of inverse systems
as follows4:

0 N0 M0 P0 0

0 N1 M1 P1 0

...
...

...
...

...

f g

i1
f

j1
g

k1

We then have the induced maps

0→ lim←−−N
f̃
−→ lim←−−M

g̃
−→ lim←−−P → 0

If a sequence (xn) ∈ lim←−−N maps to zero, then it is clear by exactness at Nn that each xn = 0. It is

also clear that g̃ ◦ f̃ = 0. Now, suppose a sequence (mn) ∈ lim←−−M maps to 0 under g̃, then g(m0) = 0,
hence there is some n0 ∈N0 such that f (n0) = m0. Next, g(m1) = 0, so we can find n1 ∈N1 such that
f (n1) = m1. Is i1(n1) = n0? This is forced because f is injective and f (n0) = m0 = f (i1(n1)). It thus
follows that there exists a seqeunce in lim←−−N mapping to (mn). Thus, we have the exact sequence

0→ lim←−−N
f̃
−→ lim←−−M

g̃
−→ lim←−−P

Given a sequence (pn) ∈ lim←−−P first pick m0 ∈M0 such that g(m0) = p0. Next, we can find a m1 with
g(m1) = p1, but the question is whether j1(m1) = m0. We have

g(j1(m1)) = k1(g(m1)) = k1(p1) = p0 = g(m0)

hence j1(m1)−m0 = f (n0) for some n0 ∈N0. If i1 is surjective, then we can find an n1 ∈N1 such that
n0 = i1(n1) and then

j1(m1 − f (n1)) = m0 and g(m1 − f (n1)) = g(m1) = p1.

In this way we can construct a sequence (mn) which maps to (pn) under g̃ with the requirement that
all il be surjective.
In the case of an exact sequence of filtered modules, we see that we get an exact sequence of
completions.

4 Graded rings

A ring R is said to be graded if it can be written as a direct sum of abelian groups:

R = R0 ⊕R1 ⊕R2 ⊕ . . .

such that RiRj ⊆ Ri+j . This implies that R0 is a subring and Ri , i ≥ 1 are R0 modules. The ideal
⊕i≥1Ri is called the irrelevant ideal. From a graded ring we have the filtration

R ⊇ ⊕i≥1Ri ⊇ ⊕i≥2Ri ⊇ . . .

and from there we can talk about the completion of R.

4For those wondering, yes, this is the exact diagram as before.
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Typical examples of graded rings are polynomial rings with the gradation determined by degree.
Similarly we define a graded R-module M = ⊕i≥0Mi . The elements of Ri ,Mi are called homogeneous
elements.
If R = R0 ⊇ R1 ⊇ . . . is a filtered ring, then we set grn(R) = Rn/Rn+1 and gr(R) = ⊕n≥0grn(R) (an
external direct sum) with multiplication

(a+Rn+1)(b+Rm+1) = ab+Rm+n+1, a ∈ Rn,b ∈ Rm.

gr(R) is called the associated graded ring of R. Similarly we can define the associated graded module
gr(M) of a filtered R-module M and this has a gr(R)-module structure.
Thus we can go from the category of filtered R-modules to the category of graded R-modules and it
is easy to see that this is a functor.

Theorem 4.1. Let R = ⊕n≥0Rn be a graded ring. R is Noetherian iff R0 is Noetherian and R is a finitely
generated R0 algebra.

Proof. Suppose R is Noetherian. Then R0 being a quotient of R is Noetherian. Let I denote the
irrelevant ideal generated by some x1, . . . ,xn of degree d1, . . . ,dn respectively over R. Given an element
x ∈ RN say, write it as an R-linear combination of xis. Now the coefficients themselves are graded
and because x has degree N , all homogenous terms of higher degree have to cancel out. In this way,
we reduce the degree of the coefficient of xi to be less than N − di .
We repeat this for the coefficients themselves and in a finite number of steps arrive at a polynomial
expression in xis with coefficients from R0. Therefore, R is a finitely generated R0-algebra.
Conversely, when R0 is Noetherian, by Hilbert basis theorem, R, a finitely generated R0-algebra, is
Noetherian.

Fix an ideal I of R and consider the I-adic filtration R = I0 ⊇ I ⊇ I2 ⊇ . . . . Let {Mn} be a filtration
on an R-module M. The filtration is said to be an I-filtration if IMn ⊆Mn+1 and it is I-stable if
IMn = Mn+1 for large n. Temporarily denote by R∗ the ring ⊕n≥0I

n and M∗ = ⊕n≥0Mn, the graded
R∗-module.

Proposition 4.1. Given an ideal I of a ring A, any two I-stable filtrations on an A-module M give
isomorphic completitions.

Proof. Let M = M0 ⊃M1 ⊃ . . . and M = N0 ⊃N1 ⊃ . . . be the two I-stable filtrations. The main tool
we use is the universality theorem because the completitions are complete Hausdorff spaces. We
may without loss of generality assume that Ni = I iM. All we need to show is that the identity
map is continuous. We have for every d,Ms+d = IdMs ⊆ IdM for some large s and we also for
every d,IdM ⊆ Md . So, the identity maps on M with these filtrations is continuous giving us a
homeomorphism between the completitions (homeomorphism follows from the uniqueness).

Lemma 4.1. (Artin-Rees lemma lemma) For a finitely generated R-module M over a Noetherian ring R,
an I-filtration {Mn} is I-stable iff M∗ is a finitely generated R∗ module.

Proof. Suppose the filtration is I-stable, say IMn = Mn+1 for n ≥N . The submodules M0, . . . ,MN are
finitely generated over R. By the I-stable property, every other element of M∗ is seen as an R∗-linear
combination of the finitely many generators of M0 ⊕ · · · ⊕MN .
Conversely, suppose M∗ is finitely generated over R∗ and these generators together lie in ⊕Ni=0Mi .
We may assume that the generators are homogeneous, i.e., lying in some Mk . Given x ∈Mn,n > N
we write it as an R∗ linear combination of these generators. By comparing the degrees we conclude
that the degree of the coefficient of a generator in Mk must be n− k. Because it’s an I-filtration, this
product can be seen as an element of IMn−1. Because n > N , we can’t have k = n. Thus, we conclude
that Mn ⊆ IMn−1. The other inclusion holds by the I-filtration hypothesis.

Theorem 4.2. (Artin-Rees lemma) Let R be a Noetherian ring, I an ideal of R and N a submodule of a
finitely generated R-module M. Then any filtration on N induced by an I-stable filtration on M is I-stable.
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Proof. Let M = M0 ⊇M1 ⊇ . . . be the filtration on M and N = N0 ⊇N1 ⊇ . . . be the induced filtration
on N and let R∗,M∗,N ∗ be as above. We know R∗ is Noetherian because R is Noetherian and R∗ is
generated as an algebra over R by the generators of I .
Because M is Noetherian (being finitely generated over R) and the filtration is I-stable, M∗ is finitely
generated over R∗, hence is Noetherian, which means the submodule N ∗ is finitely generated over R∗

as a module.
Thus, N ∗ is a finitely generated R∗-module, which means that the induced filtration is I-stable.

Because the I-adic filtration on M is I-stable we have the following

Corollary 4.1. With M,N as above there exists n0 > 0 such that for every n ≥ n0

InM ∩N = In−n0(In0M ∩N ).

Theorem 4.3. (Krull’s intersection theorem) Let R be a Noetherian ring and M a finitely generated
R-module. Let N = ∩n≥1I

nM then there is a b ∈ R such that (1 + b)N = 0.

Proof. This is a simple application of Artin-Rees and Nakayama lemma. There is an m such that for
n ≥m,

N = InM ∩N = In−m(ImM ∩N ) = In−mN

thus, there is a b ∈ In−m such that (1 + b)N = 0.

Above, if I ⊆R(R), is contained in the Jacobson radical, then N = 0 because 1 + b would be a unit. In
particular, N = 0 in any local ring. Topologically, Krull intersection theorem says that the I-adic
filtration is Hausdorff when I is contained in the Jacobson radical. Moreover, for any submodule M1
we have

M1/M1 = (∩(M1 + InM))/M1 ⊆ ∩(M1 + InM)/M1 = ∩In(M/M1) = 0

so, submodules are closed in the I-adic topology.

Proposition 4.2. Let m1, . . . ,mk be distinct maximal ideals of a Noetherian ring R and let I = ∩mi . Let
R̂mi

denote the mi-adic completion of R and R̂ the I-adic completion of R, then R̂ �ΠR̂mi
.

Proof. By the Chinese remainder theorem, we know that R/In = ΠR/mn
i and it is an easy thing to

verify that inverse limit distributes over products, i.e., if A1 ← A2 ← . . . ,B1 ← B2 ← . . . are two
inverse systems with inverse limits Â, B̂, then Â× B̂ � Â×B via the natural map where Â×B is the
inverse limit of A1 ×B1← A2 ×B2← . . . . Thus, R̂ is isomorphic to ΠR̂mi

as rings via the map

(xi) 7→Π(xi).

obtained from the isomorphism R/In→ΠR/mn
i which is just the projection map.

Because of this isomorphism, it’s not hard to see that the image of ker(R̂ → R/In) is precisely
Πker(R̂mi

→ R/mn
i ), thus this map is an open map (we have open-ness around zero and therefore

open-ness everywhere). Sets of the latter type are contained inside any basic neighbourhood around
0 ∈ΠR̂mi

, hence we have continuity at zero, therefore, continuity everywhere and this completes the
proof.

Proposition 4.3. Let R be a ring, I an ideal. If R is I-adic complete, then I ⊆R(R).

Proof. R being I-adic complete means that the map R→ R̂ is an isomorphism. To show that I is
contained in the Jacobson radical, it suffices to show that 1− x is a unit for every x ∈ I . Given an
x ∈ I , the formal inverse of 1−x would be given by 1+x+x2 + . . . . Observe that the partial sums form
a Cauchy sequence in the I-adic topology, hence converge to some y ∈ R and because multiplication
is continuous and xn→ 0 in the I-adic topology, we conclude that (1− x)y = 1.
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5 Examples

The p-adic integers Zp is the completion of Z with respect to the ideal (p). From an earlier
observation, Zp is a compact complete ring. Another important example is the power series ring
k[[x1, . . . ,xn]] which is the I-adic completion of k[x1, . . . ,xn].

Theorem 5.1. (Hansel’s lemma) Suppose (A,m) is a complete local ring and F ∈ A[x] is a monic polynomial
with reduction f ∈ k[x] where k = A/m is the residue field of A. Suppose f (x) = g(x)h(x) in k[x] for coprime
monic polynomials g,h. Then there exist monic polynomials G,H ∈ A[x] such that F(x) = G(x)H(x) and
such that G,H reduce to g,h modulo m respectively.

Proof. We inductively factorse F modulo mn. For n = 1, we have

F = G1H1 mod m

where G1,H1 are polynomials over A reducing to g,h respectively. Assuming we have found Gn,Hn
such that F −GnHn = 0 mod mn and Gn,Hn reduce to g,h modulo m we write

F −GnHn =
∑

PiQi

where Pi ∈mn and degQi < degF. Since g,h are relatively prime, going modulo m and then lifting to
A, we can write

Qi = GRi +HSi + bi

where bi are polynomials over m.
Set Gn+1 = Gn +

∑
PiRi ,Hn+1 = Hn +

∑
PiSi , then

Gn+1Hn+1 = GnHn +
∑

Pi(GnRi +HnSi)

Modulo m, the last term becomes PiQi + e where e is the extra terms which are in mn+1. Therefore
F ≡ Gn+1Hn+1 mod mn+1. It is also clear that Gn+1,Hn+1 reduce to g,h modulo m.
Inductively we obtain Gn,Hn. In our construction, Gn+1 −Gn,Hn+1 −Hn ∈mn so these are Cauchy
sequences, hence converge to some G,H ∈ A[x]. It then follows that F = GH because the difference
is in mn for every n and because we have a local ring, Krull’s intersection theorem tells that A is
Hausdorff, so F −GH has to be zero.

Hansel’s lemma gives us a way to construct solutions to polynomials over Z in Zp.
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